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Quantum mechanics

Schroedinger equation:
[

− ~
2

2m
∇2 + V (~r, t)

]

ψ′(~r, t) = −i~ ∂
∂t
ψ′(~r, t)

For a state of fixed energy we can write

ψ′(~r, t) = e−
i
~
Etψ(~r)

k2 = 2mE
~2

U(~r) = 2m
~2 V (~r)
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Quantum mechanics

Schroedinger equation:
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]

ψ′(~r, t) = −i~ ∂
∂t
ψ′(~r, t)

For a state of fixed energy we can write

ψ′(~r, t) = e−
i
~
Etψ(~r)

where ψ(~r) satisfies the differential equation
[

∇2 + k2

]

ψ(~r) = U(~r) ψ(~r)

k2 = 2mE
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U(~r) = 2m
~2 V (~r)

Eikonal Approximation Generated using LATEX class Prosper, and PSTricks package – p.3/15



Quantum mechanics

Schroedinger equation:
[

− ~
2

2m
∇2 + V (~r, t)

]

ψ′(~r, t) = −i~ ∂
∂t
ψ′(~r, t)

For a state of fixed energy we can write

ψ′(~r, t) = e−
i
~
Etψ(~r)

where ψ(~r) satisfies the differential equation
[

∇2 + k2

]

ψ(~r) = U(~r) ψ(~r)

k2 = 2mE
~2

U(~r) = 2m
~2 V (~r)

Eikonal Approximation Generated using LATEX class Prosper, and PSTricks package – p.3/15



Quantum mechanics

Schroedinger equation:
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

ψr→∞(~r) = ?
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= ? + ?

ψr→∞(~r) = ?
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= ? + ?
[

∇2 + k2
]

φ(~r) = 0 and
[

∇2 + k2
]

G0(~r, ~r
′) = δ(3)(~r − ~r′)

ψr→∞(~r) = ?
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
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= ? + ?
[
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]

φ(~r) = 0 and
[

∇2 + k2
]

G0(~r, ~r
′) = δ(3)(~r − ~r′)

φ(~r) = A0 e
i~k·~r + B0 e−i~k·~r

ψr→∞(~r) = ?
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Formulation of the scattering problem
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∫

d3r′ G0(~r, ~r
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Formulation of the scattering problem

[
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∫
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= A0 e
i~k·~r + ?

[

∇2 + k2
]

φ(~r) = 0 and
[

∇2 + k2
]

G0(~r, ~r
′) = δ(3)(~r − ~r′)

φ(~r) = A0 e
i~k·~r + B0 e−i~k·~r = 0

= A0 e
i~k·~r

G0(~r, ~r
′) = − 1

4π

[

A eik|~r−~r′|

|~r−~r′| + B e−ik|~r−~r′|

|~r−~r′|

]

with A+B = 1

ψr→∞(~r) = ?
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= A0 e
i~k·~r + ?

[

∇2 + k2
]

φ(~r) = 0 and
[

∇2 + k2
]

G0(~r, ~r
′) = δ(3)(~r − ~r′)

φ(~r) = A0 e
i~k·~r + B0 e−i~k·~r = 0

= A0 e
i~k·~r

G0(~r, ~r
′) = − 1

4π

[

A eik|~r−~r′|

|~r−~r′| + B e−ik|~r−~r′|

|~r−~r′|

]

with A+B = 1

= 0

ψr→∞(~r) = ?
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= A0 e
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[
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|~r−~r′| + B e−ik|~r−~r′|

|~r−~r′|

]

with A+B = 1

= 0

= − 1
4π

eik|~r−~r′|

|~r−~r′|

ψr→∞(~r) = ?
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Formulation of the scattering problem

[
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Formulation of the scattering problem

[

∇2 + k2
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= A0 e
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4π

∫
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= A0 e
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4π

∫
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|~r−~r′| U(~r′)ψ(~r′)

φ(~r) = A0 e
i~k·~r + B0 e−i~k·~r = 0

= A0 e
i~k·~r

ψr→∞(~r) = ?

For r′ � r we have |~r − ~r′| ≈ r − ~r·~r′
r
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Formulation of the scattering problem

[
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= A0 e
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= A0 e
i~k·~r − 1

4π

∫

d3r′ eik|~r−~r′|

|~r−~r′| U(~r′)ψ(~r′)

φ(~r) = A0 e
i~k·~r + B0 e−i~k·~r = 0

= A0 e
i~k·~r

ψr→∞(~r) = A0 e
i~k·~r − 1

4π

∫

d3r′ 1
r e

ik(r−~r·~r′

r
) U(~r′)ψ(~r′)

= A0 e
i~k·~r − eikr

r
1
4π

∫

d3r′ e−ik ~r
r
·~r′ U(~r′)ψ(~r′)
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= A0 e
i~k·~r − 1

4π

∫

d3r′ eik|~r−~r′|

|~r−~r′| U(~r′)ψ(~r′)

φ(~r) = A0 e
i~k·~r + B0 e−i~k·~r = 0

= A0 e
i~k·~r

ψr→∞(~r) = A0 e
i~k·~r − 1

4π

∫

d3r′ 1
r e

ik(r−~r·~r′

r
) U(~r′)ψ(~r′)

= A0 e
i~k·~r−eikr

r
1
4π

∫

d3r′ e−ik ~r
r
·~r′ U(~r′)ψ(~r′)
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= A0 e
i~k·~r − 1

4π

∫

d3r′ eik|~r−~r′|

|~r−~r′| U(~r′)ψ(~r′)

φ(~r) = A0 e
i~k·~r + B0 e−i~k·~r = 0

= A0 e
i~k·~r

ψr→∞(~r) = A0 e
i~k·~r + f(θ, φ) eikr

r

= A0 e
i~k·~r−eikr

r
1
4π

∫

d3r′ e−ik ~r
r
·~r′ U(~r′)ψ(~r′)
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= A0 e
i~k·~r − 1

4π

∫

d3r′ eik|~r−~r′|

|~r−~r′| U(~r′)ψ(~r′)

φ(~r) = A0 e
i~k·~r + B0 e−i~k·~r = 0

= A0 e
i~k·~r

ψr→∞(~r) = A0 e
i~k·~r + f(θ, φ) eikr

r

f(θ, φ) = − 1
4π

∫

d3r′ e−ik ~r
r
·~r′U(~r′)ψ(~r′)
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= A0 e
i~k·~r − 1

4π

∫

d3r′ eik|~r−~r′|

|~r−~r′| U(~r′)ψ(~r′)

φ(~r) = A0 e
i~k·~r + B0 e−i~k·~r = 0

= A0 e
i~k·~r

ψr→∞(~r) = A0 e
i~k·~r + f(θ, φ) eikr

r

f(θ, φ) = − 1
4π

∫

d3r′ e−ik~r
r ·~r

′

U(~r′)ψ(~r′)

= − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)

Eikonal Approximation Generated using LATEX class Prosper, and PSTricks package – p.4/15



Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= A0 e
i~k·~r − 1

4π

∫

d3r′ eik|~r−~r′|

|~r−~r′| U(~r′)ψ(~r′)

φ(~r) = A0 e
i~k·~r + B0 e−i~k·~r = 0

= A0 e
i~k·~r

ψr→∞(~r) = A0 e
i~k·~r + f(θ, φ) eikr

r

f(θ, φ) = − 1
4π

∫

d3r′ e−ik ~r
r
·~r′U(~r′)ψ(~r′)

= − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)

~k
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Formulation of the scattering problem

[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r) + b.c

ψ(~r) = φ(~r) +

∫

d3r′ G0(~r, ~r
′)U(~r′)ψ(~r′) + b.c

= A0 e
i~k·~r − 1

4π

∫

d3r′ eik|~r−~r′|

|~r−~r′| U(~r′)ψ(~r′)

φ(~r) = A0 e
i~k·~r + B0 e−i~k·~r = 0

= A0 e
i~k·~r

ψr→∞(~r) = A0 e
i~k·~r + f(θ, φ) eikr

r

f(θ, φ) = − 1
4π

∫

d3r′ e−ik ~r
r
·~r′U(~r′)ψ(~r′)

= − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)

~k

~k′ ≡ k~r
r

θ
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)
[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)
[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r)

Conditions for the validity of eikonal approximation are:
V
E � 1, θ � 1

1
V/E � ka� 1

(V/E)2
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)
[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)
[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ψ(~r) = ei
~k·~rφ(~r) ~r ≡ (~b, z)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)
[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ψ(~r) = ei
~k·~rφ(~r) ~r ≡ (~b, z)

= ei
~k·~r ?
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)
[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ψ(~r) = ei
~k·~rφ(~r) ~r ≡ (~b, z)

= ei
~k·~r ?

[

2ik ∂
∂z − U(~b, z)

]

φ(~b, z) = −∇2φ(~b, z)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)
[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ψ(~r) = ei
~k·~rφ(~r) ~r ≡ (~b, z)

= ei
~k·~r ?

[

2ik ∂
∂z − U(~b, z)

]

φ(~b, z) = −∇2φ(~b, z)

φ(~b, z) = η(~b, z)−
∫

d2b′
∫∞
−∞ dz

′ Ge(~b, z, ~b′, z′) ∇′2φ(~b′, z′)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)
[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ψ(~r) = ei
~k·~rφ(~r) ~r ≡ (~b, z)

= ei
~k·~r ?

[

2ik ∂
∂z − U(~b, z)

]

φ(~b, z) = −∇2φ(~b, z)

φ(~b, z) = η(~b, z)−
∫

d2b′
∫∞
−∞ dz

′ Ge(~b, z, ~b′, z′) ∇′2φ(~b′, z′)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)
[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ψ(~r) = ei
~k·~rφ(~r) ~r ≡ (~b, z)

= ei
~k·~r ?

[

2ik ∂
∂z − U(~b, z)

]

φ(~b, z) = −∇2φ(~b, z)

φ(~b, z) ≈ η(~b, z)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)
[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ψ(~r) = ei
~k·~rφ(~r) ~r ≡ (~b, z)

= ei
~k·~r ?

[

2ik ∂
∂z − U(~b, z)

]

φ(~b, z) = −∇2φ(~b, z)

φ(~b, z) ≈ η(~b, z)
[

2ik ∂
∂z − U(~b, z)

]

η(~b, z) = 0
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)
[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ψ(~r) = ei
~k·~rφ(~r) ~r ≡ (~b, z)

= ei
~k·~r ?

[

2ik ∂
∂z − U(~b, z)

]

φ(~b, z) = −∇2φ(~b, z)

φ(~b, z) ≈ η(~b, z)
[

2ik ∂
∂z − U(~b, z)

]

η(~b, z) = 0

η(~b, z) = e
1

2ik

∫ z

−∞
du U(~b,u)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)
[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ψ(~r) = ei
~k·~rφ(~r) ~r ≡ (~b, z)

= ei
~k·~r e

1

2ik

∫ z

−∞
du U(~b,u)

[

2ik ∂
∂z − U(~b, z)

]

φ(~b, z) = −∇2φ(~b, z)

φ(~b, z) ≈ η(~b, z)
[

2ik ∂
∂z − U(~b, z)

]

η(~b, z) = 0

η(~b, z) = e
1

2ik

∫ z

−∞
du U(~b,u)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)
[

∇2 + k2
]

ψ(~r) = U(~r)ψ(~r)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ψ(~r) = ei
~k·~rφ(~r) ~r ≡ (~b, z)

= ei
~k·~r e

1

2ik

∫ z

−∞
du U(~b,u)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)

= − 1
4π

∫

d2b′
∫

dz′ e−i~k′·~r′+i~k·~r′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ψ(~r) = ei
~k·~rφ(~r) ~r ≡ (~b, z)

= ei
~k·~r e

1

2ik

∫ z

−∞
du U(~b,u)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d3r′ e−i~k′·~r′U(~r′)ψ(~r′)

= − 1
4π

∫

d2b′
∫

dz′ e−i~k′·~r′+i~k·~r′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d2b′
∫

dz′ e−i~k′·~r′+i~k·~r′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d2b′
∫

dz′ e−i~k′·~r′+i~k·~r′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

= ?
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d2b′
∫

dz′ e−i~k′·~r′+i~k·~r′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

= ?

−i~k′ · ~r′+i~k · ~r′ ≈ −ikb′θ cos(φ− φ′)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d2b′
∫

dz′ e−i~k′·~r′+i~k·~r′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

= ?

−i~k′ · ~r′+i~k · ~r′ ≈ −ikb′θ cos(φ− φ′)

f(θ, φ) = − 1
4π

∫

d2b′ e−ikb′θ cos(φ−φ′)
∫

dz′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d2b′
∫

dz′ e−i~k′·~r′+i~k·~r′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

= − 1
4π

∫

d2b′ e−ikb′θ cos(φ−φ′)
∫

dz′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

f(θ, φ) = − 1
4π

∫

d2b′ e−ikb′θ cos(φ−φ′)
∫

dz′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d2b′
∫

dz′ e−i~k′·~r′+i~k·~r′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

= − 1
4π

∫

d2b′ e−ikb′θ cos(φ−φ′)
∫

dz′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

f(θ, φ) = − 1
4π

∫

d2b′ e−ikb′θ cos(φ−φ′)
∫

dz′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d2b′
∫

dz′ e−i~k′·~r′+i~k·~r′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

= − 1
4π

∫

d2b′ e−ikb′θ cos(φ−φ′)
∫

dz′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

tdt

f(θ, φ) = − 1
4π

∫

d2b′ e−ikb′θ cos(φ−φ′)
∫

dz′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)
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Eikonal approximation

f(θ, φ) = − 1
4π

∫

d2b′
∫

dz′ e−i~k′·~r′+i~k·~r′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

= − 1
4π

∫

d2b′ e−ikb′θ cos(φ−φ′)
∫

dz′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)

tdt

= k
2πi

∫∞
0 b′db′

∫ 2π
0 dφ′ e−ikb′θ cos(φ−φ′)

[

eiχ(~b′) − 1
]

χ(~b′) = −k
2

1
E

∫ +∞
−∞ dz′ V (~b′, z′)

f(θ, φ) = − 1
4π

∫

d2b′ e−ikb′θ cos(φ−φ′)
∫

dz′U(~b′, z′) e
1

2ik

∫ z′

−∞
du U(~b′,u)
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Eikonal Approximation

f(θ, φ) = k
2πi

∫∞
0 b′db′

∫ 2π
0 dφ′ e−ikb′θ cos(φ−φ′)

[

eiχ(~b′) − 1
]

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2χ(~b′) = −k
2

1
E

∫ +∞
−∞ dz′ V (~b′, z′)
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Eikonal Approximation

f(θ, φ) = k
2πi

∫∞
0 b′db′

∫ 2π
0 dφ′ e−ikb′θ cos(φ−φ′)

[

eiχ(~b′) − 1
]

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2χ(~b′) = −k
2

1
E

∫ +∞
−∞ dz′ V (~b′, z′)

For φ independent potentials we have

f(θ) = a 1
i ka

∫∞
0 t dt J0(t kaθ)

[

eikaV
E

ξ(t) − 1
]

ξ(t) = −1
2

1
V

∫ +∞
−∞ du V (at, au)

z = ka

b = at
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Eikonal Approximation

f(θ, φ) = k
2πi

∫∞
0 b′db′

∫ 2π
0 dφ′ e−ikb′θ cos(φ−φ′)

[

eiχ(~b′) − 1
]

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2χ(~b′) = −k
2

1
E

∫ +∞
−∞ dz′ V (~b′, z′)

For φ independent potentials we have

f(θ) = a 1
i ka

∫∞
0 t dt J0(t kaθ)

[

eikaV
E

ξ(t) − 1
]

ξ(t) = −1
2

1
V

∫ +∞
−∞ du V (at, au)

z = ka

b = at

σscatt. =
∫

dΩ | f(θ, φ) |2

σscatt.
πa2 = 8

∫∞
0 t dt sin2

[

kaV
E ξ(t)

]

Eikonal Approximation Generated using LATEX class Prosper, and PSTricks package – p.7/15



Spherical well potential

σscatt.
πa2 = 8

∫∞
0 t dt sin2

[

kaV
E ξ(t)

]

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ξ(t) = −1
2

1
V

∫ +∞
−∞ du V (at, au)
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Spherical well potential

σscatt.
πa2 = 8

∫∞
0 t dt sin2

[

kaV
E ξ(t)

]

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ξ(t) = −1
2

1
V

∫ +∞
−∞ du V (at, au)

V (~r) =

{

V for r < a

0 for r > a
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Spherical well potential

σscatt.
πa2 = 8

∫∞
0 t dt sin2

[

kaV
E ξ(t)

]

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ξ(t) = −1
2

1
V

∫ +∞
−∞ du V (at, au)

V (~r) =

{

V for r < a

0 for r > a

= −
√

1− t2

Eikonal Approximation Generated using LATEX class Prosper, and PSTricks package – p.8/15



Spherical well potential

σscatt.
πa2 = 8

∫ 1
0 t dt sin2

[

kaV
E

√
1− t2

]

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ξ(t) = −1
2

1
V

∫ +∞
−∞ du V (at, au)

V (~r) =

{

V for r < a

0 for r > a

= −
√

1− t2
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Spherical well potential

σscatt.
πa2 = 8

∫ 1
0 t dt sin2

[

kaV
E

√
1− t2

]

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ξ(t) = −1
2

1
V

∫ +∞
−∞ du V (at, au)

V (~r) =

{

V for r < a

0 for r > a
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Spherical well potential

σscatt.
πa2 = 8

∫ 1
0 t dt sin2

[

kaV
E

√
1− t2

]

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ξ(t) = −1
2

1
V

∫ +∞
−∞ du V (at, au)

V (~r) =

{

V for r < a

0 for r > a

1� kaV
E �

√
ka
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Spherical well potential

σscatt.
πa2 = 8

∫ 1
0 t dt sin2

[

kaV
E

√
1− t2

]

V
E � 1 and θ � 1

1
V/E � ka� 1

(V/E)2

ξ(t) = −1
2

1
V

∫ +∞
−∞ du V (at, au)

V (~r) =

{

V for r < a

0 for r > a

1� kaV
E �

√
ka

ka = 50

1� kaV
E � 7

20 40 60 80 100

0.5

1

1.5

2

2.5

3

3.5

- - - partial wave (ka = 50)
—– eikonal

σtot.

πa2

ka
V

E
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Spherical well potential

σscatt.
πa2 = 8

∫ 1
0 t dt sin2

[

kaV
E

√
1− t2

]

V
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Yukawa potential
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Quantum electrodynamics

Z[J ] = 〈0+ | 0−〉J
J (x) ≡ {Jµ(x), η(x), η̄(x)}

−
[

iγµ∂µ −m+ eγµ(−i) δ
δJµ(x)

]

(−i) δZ[J ]
δη̄(x) = η(x) Z[J ]

−(−i) δZ[J ]
δη(x)

[

−iγµ←−∂ µ −m+ eγµ(−i)
←−
δ

δJµ(x)

]

= η̄(x) Z[J ]

−
[

gµν∂2 − ∂µ∂ν
]

(−i) δZ[J ]
δJµ(x) = Jµ(x) Z[J ] + e (−i) δ

δη(x) γ
µ (−i) δZ[J ]

δη̄(x)

(−i) δZ[J ]
δJµ(x) = 〈0+ | Aµ(x) | 0−〉J

(−i) δZ[J ]
δη̄(x) = 〈0+ | ψ(x) | 0−〉J

(−i) δZ[J ]
δη(x) = 〈0+ | ψ̄(x) | 0−〉J
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Quantum electrodynamics

Z[J ] = e
i
2

∫ ∫

JµD+Jµ
{

e
i
2

∫ ∫

δ
δAµ D+

δ
δAµ ei

∫ ∫

η̄G+[A]η eL[A]
}

A =
∫

DJ

−∂2D+ = δ(4) and −(γµ∂µ −m)S+ = δ(4)

L[A] = −Tr lnG+[A] + TrlnS+

[−(iγµ∂µ −m) + eγµAµ]G+[A] = δ(4)

Solution to quantum electrodynamics boils down to solving
a differential equation for G+[A]

[−(iγµ∂µ −m) + eγµAµ(x)]G+[x, x′;Aµ] = δ(4)(x− x′)
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Electron-electron scattering

Z[J ] = e
i
2

∫ ∫

JµD+Jµ
{

e
i
2

∫ ∫

δ
δAµ D+

δ
δAµ ei

∫ ∫

η̄G+[A]η eL[A]
}

A =
∫

DJ

Z[J ] = Z[0] + . . . + T + . . .

T = 1
4

∫ ∫ ∫ ∫

η̄(x2)η̄(x1)η(y2)η(y1) G(x1, y1, x2, y2)

G(x1, y1, x2, y2) =
{

(−i)4 δ
δη̄A(x2)

δ
δη̄B(x1)

δ
δηA(y2)

δ
δηA(y1)

Z[J ]
}

J=0

η̄(x1) = e−ip1x1ū(p1)[γ
µp1µ +m]

η(y1) = eip
′
1y1 [γµp′1µ +m]u(p′1)

η̄(x2) = e−ip2x2ū(p2)[γ
µp2µ +m]

η(y2) = eip
′
2y2 [γµp′2µ +m]u(p′2)

Eikonal Approximation Generated using LATEX class Prosper, and PSTricks package – p.12/15



Electron-electron scattering

Z[J ] = e
i
2

∫ ∫

JµD+Jµ
{

e
i
2

∫ ∫

δ
δAµ D+

δ
δAµ ei

∫ ∫

η̄G+[A]η eL[A]
}

A =
∫

DJ

Z[J ] = Z[0] + . . . + T + . . .

T = 1
4

∫ ∫ ∫ ∫

η̄(x2)η̄(x1)η(y2)η(y1) G(x1, y1, x2, y2)

G(x1, y1, x2, y2) =
{

(−i)4 δ
δη̄A(x2)

δ
δη̄B(x1)

δ
δηA(y2)

δ
δηA(y1)

Z[J ]
}

J=0

η̄(x1) = e−ip1x1ū(p1)[γ
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Eikonal approximation
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Eikonal approximation

Z[J ] = e
i
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T = −i
∫ 1
0 dλ e

λ i
2

∫ ∫

δ
δA

D+
δ

δA

∫

d4z1
∫

d4z2 D
µν
+ (z1 − z2)

×
∫

d4x1e
−ip1x1ū(p1)[γ

µp1µ +m]G+[x1, z1;A1]

× eγµ

∫

d4y1e
ip′1y1G+[z1, y1;A1][γ

µp′1µ +m]u(p′1)

×
∫

d4x2e
−ip2x2ū(p2)[γ

µp2µ +m]G+[x2, z2;A2]

× eγµ

∫

d4y2e
ip′2y2G+[z2, y2;A2][γ

µp′2µ +m]u(p′2)
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Eikonal approximation
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∫

d4y2e
ip′2y2G+[z2, y2;A2][γ

µp′2µ +m]u(p′2)

|M(p1, p
′
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Conclusion and things to do

Eikonal approximation in quantum mechanics works for
V
E � 1, θ � 1, and 1

V/E � ka� 1
(V/E)2 .

Is eikonal approximation valid for singular potentials? It
seems to work for Yukawa potential? Will it work for
Coulomb potential?

To understand eikonal approximation in quantum field
theories.
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