Notes on Quantum Mechanics

K. V. Shajesh'?

School of Physics and Applied Physics,
Southern Illinois University—Carbondale,
Carbondale, Illinois 62901, USA.

Last major update: May 1, 2022
Last updated: June 18, 2025

1. These are notes prepared for the benefit of students enrolled in Quantum Mechanics (PHYS-530A and
PHYS-530-B) at Southern Illinois University—Carbondale. It will be updated periodically, and will evolve
during the semester. It is not a substitute for standard textbooks, but a supplement prepared as a
study-guide.

2. The following textbooks were extensively used in this compilation.

) Principles of Quantum Mechanics, by P. A. M. Dirac.
) Quantum Mechanics: Symbolism of Atomic Measurements, by J. Schwinger, edited by B.-G. Englert.
(¢) Schwinger’s Quantum Action Principle, by K. A. Milton, http://arxiv.org/abs/1503.08091.
)

Introduction to Quantum Mechanics, lecture notes by K. A. Milton, available at
http://www.nhn.ou.edu/~milton/p3803-12.html and
http://www.nhn.ou.edu/~milton/p4803-12.html.

(e) Quantum Mechanics, by L. I. Schiff.

(f) Classical Electrodynamics, Julian Schwinger, Lester L. Deraad Jr., Kimball A. Milton, and Wu-yang
Tsai.

IEMAIL: kvshajesh@gmail.com; shajesh@siu.edu
2URL: http://sphics.com; https://physics.siu.edu/people/shajesh.php


http://arxiv.org/abs/1503.08091
http://www.nhn.ou.edu/~milton/p3803-12.html
http://www.nhn.ou.edu/~milton/p4803-12.html
http://sphics.com
https://physics.siu.edu/people/shajesh.php




Contents

1 Matrix algebra

1.1 Matrix diagonalization . . . . . . . . . . L L e
1.2 Paulimatrices . . . . . . . . oL e e
1.2.1  Properties . . . . . . . e e
1.2.2  Properties under rotation: Vector . . . . . . . . ... oo
1.2.3 Eigenbasis dependent properties . . . . . . . . ... L e
1.3 Unitary evolution using eigenbasis . . . . . . . . . . . . L L e
1.4 Linear vector space over a complex field . . . . . . . . ... oL
1.5 Linear transformation on a vector space . . . . . . . . . ... Lo

2 Measurement algebra

2.1 Stern-Gerlach experiment . . . . . . . . . .. e e
2.1.1 Stern Gerlach experiment . . . . . . . . . . ...
2.1.2 Probabilities . . . . . .. L
2.1.3 Imterference . . . . . . . . L
2.1.4 Measurement disturbs the system . . . . . . . . . ... L L o
2.1.5  Operator forms . . . . . . . . . . e

2.2 Complementary variables . . . . . . . ... L e

3 TUncertainty states

3.1 Notation . . . . . . o o o e
3.2 Intrinsic uncertainty in position and momentum . . . . . .. .. oL Lo
3.3 Heisenberg’s uncertainty relation . . . . . . . . .. L L
3.4 Uncertainty relation for angular momentum . . . . . . .. ... 0oL oL L oL
3.5 Minimum uncertainty state . . . . . ... oL L Lo
3.6 Stationary uncertainty state . . . . . . . . .

4 Commutation relations
4.1 Einsteinian relativity . . . . . . . .. L e e

5 Harmonic oscillator
5.1 Harmonic oscillator . . . . . . . . ..

6 A charge in a uniform magnetic field

6.1 Lorentz force . . . . . . . s
6.2 Lagrangian and Hamiltonian . . . . . .. . ... oL oL o
6.3 Landaulevels . . . . . . . e

7 Laser: Spontaneous emission
7.1 Jaynes-Cummings model . . . . . . . . ..

19
19
19
20
21
21
22
22

27
27
27
27
28
30
31

33
33

37
37

45
45
45
47

49



4 CONTENTS

8 Angular momentum 51
8.1 Eigenvalues of angular momentum . . . . . . .. ..o oL 51
8.2 Orbital anglular momentum . . . . . . . . .. ... 52
8.3 Linear vector space over a complex field . . . . . .. ... ... L L 59

9 Spin assembly 59
9.1 Harmonic oscillator . . . . . . . . . L 59

10 Angular momentum addition 61
10.1 Angular momentum addition . . . . . . .. ... 61

11 Perturbation theory 65
11.1 Solutions to algebraic equations . . . . . . . . .. .. L L 65

12 Hydrogen atom 69
12.1 Classical hydrogen atom . . . . . . . . . ... L e 69

13 Scattering in quantum mechanics 81
13.1 Problems . . . . . . L e 81

14 Dirac equation 85
14.1 Clifford-Dirac algebra . . . . . . . . . o e 85
14.2 Free particle . . . . . . . o L e 88

15 Graphene 91
15.1 Number density for thin films (electron gas model) . . . . . . . ... ... .. L. 91
15.2 Graphene . . . . . . . L e 94

15.2.1 Dielectric function for graphene . . . . . . . . ..o oL oo 94

15.3 Problems . . . . . . e e e e e e e 96



Chapter 1

Matrix algebra

1.1 Matrix diagonalization

Problems
1. (20 points.) A 3 x 3 matrix A satisfies the equation
A3 =1. (1.1)
Given that the eigenvalues of A are non-degenerate, find all eigenvalues of A.

2. (20 points.) Consider the matrix

cosh @ sinh 8
A= (sinh9 cosh@) ’ (1.2)

(a) Find the eigenvalues of the matrix A.
(b) Find the normalized eigenvectors of matrix A.
(¢) Determine the matrix that diagonalizes the matrix A.

(d) What can you then conclude about the eigenvalues and eigenvectors of In A? Find them.

3. (20 points.) Consider the rotation matrix

A_( cos sin@)' (1.3)

—sinf cos6

(a) Find the eigenvalues of the matrix A.
(b) Find the normalized eigenvectors of matrix A.
(c) Determine the matrix that diagonalizes the matrix A.

(d) What can you then conclude about the eigenvalues and eigenvectors of A°7? Find them.

_ <cose sin 6 ) )

sinf — cos6

4. (20 points.) Consider the matrix

(a) Find all the eigenvalues of the matrix A.

(b) Find the normalized eigenvectors associated with all the eigenvalues of matrix A. (Simplification
is achieved by writing the trignometric functions in terms of half angles. 1 — cosf = 2sin?6/2,
1+ cosf =2cos?0/2, sinf = 2sinf/2cos6/2.)

(¢) Determine the matrix that diagonalizes the matrix A.



5. (20 points.) Two matrices A and B satisfy the relation
AB - BA =1.

(a) Prove that this cannot be true in a finite dimensional vector space.
Hint: Take trace.
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(1.5)

(b) Nevertheless, construct infinite dimensional matrices A and B that satisfy the above relation.

Hint: The answer is not unique. For example,

(0v1 0 0 0 ---] rT0 0 0 0
00+vV20 0 --- VI o 0 0
00 0 V30 - 0v2 0 0
A=100 0 0 vi---|> B=l0 0 V30
00 0 0 0 --- 0 0 0 V4

Construct another example with

Sl

These examples exploit the counterintuitive properties of divergent series.

1.2 Pauli matrices

1.2.1 Properties

1. (20 points.) The Pauli matrices are traceless Hermitian matrices that satisfy
0i0j = 0ij + i€ijk Tk,
where i, j, are either 1,2, or 3. Evaluate the commutation relation
[01,55]
Then, evaluate the anti-commutation relation
(01,05},
Evaluate
(i, [0, ] |.
Further, evaluate the relations

[0?, 0}”] and {Uf, U;-”

for positive integers n and m.

o O O OO

(1.7)

(1.10)

(1.11)

(1.12)
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2. (20 points.) The Pauli matrices are traceless Hermitian matrices that satisfy
0,05 = 517‘ +i5ijk0'k, (113)

where i, j, are either 1,2, or 3. Evaluate the traces,

tr (O'iO'j) = 251J (114)

and
tr (O'iO'jO'k) = ZiEijk (115)

and
tr (UiO'mUjUn) = 2(61'7”5]‘” — 5ij5mn + 51115]771) (116)

3. (20 points.) (Based on Milton’s lecture notes.) The vector product is defined by
(A X B)3 = AlBQ — AgBl, (117)

and similarly (cyclically) for the 1 and 2 components. If 4; 5 3 are elements of a non-commutative algebra,
the components of A do not commute, and A x A # 0 in general. Show that

o o o
o 0_.0o 1.1
2 27 "3 (1.18)

This is a special case of the angular momentum statement

J x J =ihd. (1.19)

4. (20 points.) If o is the vector constructed out of Pauli matrices and a, b, are (numerical) vectors, show
that
(o-a)(c-b)=a-b+io-(axb). (1.20)

Further, for numerical vector @, show that
€% = cosf +i(o - ) sin b, (1.21)
where 6 = |0 and 6 = 6/6. Next, evaluate
(a)

trcos(o - 9). (1.22)
(b)
trsin(o - ). (1.23)
()
trtan(o - 6). (1.24)
(d) _
treto?. (1.25)
Hint: trf(A) =5, f(a:).
5. (20 points.) Evaluate
[(o-a)(o-b)](o-c). (1.26)
Then evaluate
(o-a)[(o-b)(o-c). (1.27)

Are they equal?
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1.2.2 Properties under rotation: Vector
. (20 points.) Consider the operator construction
K(\) = e *MBeM (1.28)

in terms of two operators A and B, X\ being a number. Show that

oK
— =[K, A]. 1.29
= (K4 (1.29)
Evaluate the higher derivatives
O"K
1.
I (1.30)
recursively. Thus, using Taylor expansion around A = 0, show that
A2 A3
K(\) =B+ \B,A] + 5[[B,A],A] + y[[[B,A],A],A] +.... (1.31)

Then, for A = 1, we have

1

SB.ALALA £ (1.32)

e “Bet = B+ B, Al + %[[B,A],A] +

This is the Baker-Campbell-Hausdorff formula. Using this evaluate

0w = e 2925 ,e207 (1.33a)
oy = e_%‘i’azaye%wz, (1.33b)
0y = e 39 g 3975 (1.33¢)

where 0, 0y, and o, are Pauli matrices and ¢ is a number representing an angle of rotation. In particular,
show that

Oy = 0, COS¢P+ 0y sing, (1.34a)
oy = —0gsing + oy cos @, (1.34Db)
Oy = 0. (1.34¢)

What is the physical interpretation?

. (20 points.) (Based on Milton’s lecture notes.) Consider a rotation of the coordinate system about the
z-axis through an angle ¢:

2’ = xcos ¢+ ysin @, (1.35a)
y = —xsing + ycos o, (1.35b)
2=z (1.35¢)

Pauli matrices, o, transform like a vector. The components of Pauli matrices transform as

Oy = 04 COS P+ 0y sin ¢, (1.36a)
Oy = —0gsin¢ + oy cos @, (1.36Db)
Oy = 0. (1.36¢)

Verify that the transformed components of Pauli matrices have the same algebraic properties as the original
components:
Og/ Oy = iUz/. (137)
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1.2.3 Eigenbasis dependent properties
. (30 points.) The Pauli matrices are traceless Hermitian matrices that satisfy

0i05 = 517‘ + ’L'El'jkO'k,

(1.38)

where i, j, are either 1,2, or 3. Show that these correspond to the following nine explicit equations.

of =1, (1.39a) o102 = 103, (1.39d) 0103 = —i02,
o901 = —ioz,  (1.39b) o3 =1, (1.39) 0903 = o1,
o301 = i0y, (1.39¢) o309 = —ioy,  (1.39f) o2 = 1.

(1.39g)
(1.39h)
(1.391)

Let us realize the Pauli matrices in the eigenbasis of 3. Using Eq. (1.39i) we have the eigenvalues

ag = +1.

(1.40)

The corresponding eigenvectors are |05 = +1) and |04 = —1). The eigenbasis of o3 is often the default
basis used in the literature, and we shall often use the simpler notation |+) and |—) to represent them.

These eigenvectors satisfy the completeness relation

)+ + =1

(1.41)

The representation of an operator in a particular basis is obtained by using the completeness relation to

invoke all possible projections. Thus,

o3 = logl = (I+)(+| + =N =Dos([H){+] + [=){=])
= [F)(Hos| R+ + [+ (+los[=) (-]
+ =) =losl )+ =) (=los|=) (-]

. (40 points.) Counsider the eigenvalue equation
0zl0y) = 0%loy),
where primes denote eigenvalues.

(a) Find the eigenvalues and normalized eigenvectors (up to a phase) of

(01
Op = 10"

For reference we shall call these eigenvectors |0, = +) and |0, = —).
(b) Now compute the new matrix

_ <<U'm = +|ozloy = +) (0g = +|ow|oy, = —>>
O = 7 / .

{07 = =lozloy = +) (0p = —|owlor = -)

(¢) Similarly, compute the new matrices

o= (G2 Hom = = =) e, (05),
xT xT

= _|‘7y|‘7; =+) (o, = _|Uy|‘7; =-)
and

o (=t =
x

) (o =Hoe o =) e o (10
= —|ozloy =+) (o3 : ’ - '

= —lozlor = -)

(1.42)
(1.43)
(1.44)

(1.45)

(1.46)

(1.47)

(1.48)

(1.49)
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CHAPTER 1. MATRIX ALGEBRA

(d) Find the product of the last two matrices, 5,5, and express it in terms of &,.

(20 points.) In the eigenbasis,

|a;_+>_e\2 (_’1> and |U;——>—%<i), (1.50)

oy = <? _0’) : (1.51)

where we included the arbitrariness in the phases as a1 and aq, the Pauli matrices are

of

_ 0 —je~ia1maz)

Oz = (iei(al—ag) 0 > ) (1523“)
5, = ((1) _01> (1.52b)
_ 0 e~ Ha1—az)

7, = (ez—<a1a2> . ) (152¢)

Thus, these representations of Pauli matrices depend on the arbitrary choice of phases. Do we loose the
ability to predict the outcome of an experiment due to this arbitrariness? Verify that

Ty0y = 105, (1.53a)
Gy0, = 10y, (1.53b)
0,05 = 10y. (1.53¢)

Thus, the algebra of the Pauli matrices is independent of the arbitrariness in the phases. This will ensure
that no measurable quantity depends on the choice of phases.

(45 points.) A particular representation of Pauli matrices is

(00 e (0) e (30). 058

(In particular, these are Pauli matrices in the eigenbasis of ¢,.) Find the eigenvalues, normalized eigen-
vectors, and diagonalizing matrix, for each of the three Pauli matrix. Verify that your results satisfy the
eigenvalue equation.

(20 points.) Construct the matrix

ot (1.55)

where
o = 0,i+ 0,j+ 0.k, (1.56)
# = sin6 cos $i + sin 0 sin ¢j + cos Ok. (1.57)

Use the following representation of Pauli matrices,

amz((fé), ayz(g_oi), azz<(1)_01>. (1.58)

Find the eigenvalues of the matrix o - r.
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13. (20 points.) The Pauli matrix
01
Oz = (1 O) (1.59)
is written in the eigenbasis of
10
gZ:<O_1). (1.60)
Write o, in the eigenbasis of
0 —i
O'y:<i O)' (1.61)
Note that this representation has the arbitraryness of the choice of phase in the eigenvectors.
14. (30 points.) The Pauli matrices satisfy
0,05 = 517‘ + iaijkgk- (162)
A particular representation of Pauli matrices is
01 0 —i 10
az—(10>, O'y—(z. O)’ O'z—<0_1>. (1.63)
In particular, these are Pauli matrices in the eigenbasis of o,.
(a) Construct the matrix
A cosf sinfe "
09,9 =0 - n(9, (b) - <Sin9€i¢ —cosf ) ) (164)
where
o= o.i+ O'yj + 0.k, (1.65)
n(0,¢) = sinf cos ¢i + sin fsin ¢j + cos Ok. (1.66)
Find the eigenvalues o , and the normalized eigenvectors, |op , = +1) and |op , = —1), (up to a
phase) of the matrix g 4.
(b) Now compute the matrices
<09 b = 1|Uz|09 b= +1> <09,¢ = _1|Uw|09,¢ =-1)
5. = (<Ué b = +1|0y|09 b = = +1) <U(/9,¢ = +1|Uy|0(/9 ¢ = _1>) (1.68)
Y <Ué, 1|0u|00¢—+1> <Uf9,¢:_1|0y|00¢—_1> ’
<‘79 b = 1|0'z|0'9 =11 (0p4=—1o:|op,=—1)
These matrices are representation of the Pauli matrices in the eigenbasis of og .
(¢) Show that
0i0j = 5ij + iEijka'k. (170)
15. (20 points.) For operator o that satisfies
ol =1 (1.71)
show that the two states obtained using the construction
1+o
== (52)n (1.72)
are eigenvectors of the operator o. That is,
o|l£) = £|L). (1.73)

In the following, let us further assume o to be Hermitian. Refer Dirac’s QM book (4th edition, page 34).
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(a) Show that

1+0\> [(lxo
2 S\ 2 )
(b) Show that for arbitrary non-zero | ) we have
=1+ +1-)

Further, show that for arbitrary non-zero | ) we have

Also, show that

() =&+ =
(lo|) = (+[+) = (=[-) =

(¢) Show that these states orthogonal. That is,
(=) =0, HH=L (=)=1

(d) Show that
(B =1 =1

Using these verify that
() + =11 =1,
(0 +1=)1) = ()

and

(Y + DDA+ 1=0=1) = 1K

Thus, verify that these states form a complete set?

1.3 Unitary evolution using eigenbasis
1. (20 points.) Let e’, for i = 1,2, be an eigenbasis set, such that
elel + e2e2 =1.

We have _
e; = (el)T.

Let g, for i = 1,2, be another eigenbasis set, such that
g'g+e’e =1

Using the above two eigenbases we can construct the operator
U =g'e; +g’e.

Show that

(1.74)

(1.75)

(1.76)

(1.77a)
(1.77b)

(1.78)

(1.79)

(1.80a)

(1.80b)

(1.81)

(1.82)

(1.83)

(1.84)

(1.85)

(1.86a)
(1.86b)
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Thus, the operator U is the transformation matrix taking us from the eigenbasis e’ to g’. What is the
associated inverse transformation? To this end, using

€ e)l—elg' e g (187

show that
U' = e'g; + e’gy, (1.88)

and verify
U'.g! = e, (1.89a)
Ut . g? = &% (1.89b)
Thus, UT is the inverse transformation matrix taking us from the eigenbasis g’ back to e’. Further, verify

that

Ul.U =1, (1.90a)
U-U =1, (1.90b)

which states that U is an unitary operator. Repeat this for ¢ running from 1 to 3. Does it go through?
Repeat this for ¢ running from 1 to n. Does it go through?

2. (20 points.) Given two eigenbases e’ and g’ we can construct an unitary operator
U =gle;. (1.91)

A Schwinger periodic unitary operator is constructed by choosing the second eigenbasis g’ to be the same
as the original eigenbasis set e but in a different order. That is,

i ettt if i#n,
gl = { L o (1.92)
e, if i=n,
such that the unitary operator is _
U=ce"'le;. (1.93)
(a) Show that
) l+1 .f .
U.e — {el ! ’_75 & (1.94)
e, if i=n
Verify that the transformation is cyclic, that is,
U-e!' = é?, (1.95a)
U?.e! = e, (1.95b)
U l.el =e, (1.95¢)
U"-e' = el (1.95d)

The cyclic nature of the transformation of the eigenbasis is illustrated in Figure 1.1 and generated
by the periodic unitary operator U.

(b) Show that the periodic unitary operator satisfies

U =1, (1.96)
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N
U.el — eitl
\ U-e"=e!

Figure 1.1: A periodic unitary operator.

where n is called the period of U. Consider the eigenvalue equation
U - u* = ujuF, no sum on k. (1.97)

The eigenvalues u}, of the operator U satisfy

()" = 1, (1.98)
where u), is the k-th eigenvalue, k = 1,2,...,n. An immediate observation, then, is that the eigen-
values are the n-th roots of unity,

="k k=1,2,... n (1.99)

u* =1-u* (1.100a)
= ele-u (1.100b)
=1
= ZUl -e" (e - ub). (1.100c¢)
=1
where we used
el =U". e" (1.101)
Operating from the left leads to
uz -u® = Zu,;-Ul -e" (e; - ub). (1.102a)
=1
Starting from the eigenvalue equation for U, operate Ut on both sides, deduce
U' - u* = (u)) u?, no sum on k, (1.103)
which leads to the reciprocal statement
u; - U = ujuy, no sum on k. (1.104)
Thus, we have .
uy, - Ul = 5 My, (1.105)

In conjunction with the orthogonality relations of the eigenvectors,

uy, - uf = §;F, (1.106)
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show that
6k -

=1

Recognize the discrete Fourier transform in the above expression. Then, invert the equations to
derive

i 1 e*i%{kl
. e — 1.108
(el u ) n (uk -e") ( )
For [ = n, we have
1
(e u)(ug-e") = —, (1.109)
n
so that .
up to a phase, and
1 o
(e - uF) = ——e P5FH (1.111)

Thus, show that the eigenvectors u* in the eigenbasis of e’ are given by

1 - ;27

k 25kl

u” = E e et (1.112)
Vn =

Repeat the above exercise for another periodic operator constructed out of u® in the form

V =u'u; . (1.113)
Show that
i ) if 4 ’
w V= {““ it izn (1.114)
uq, if i=n.

Repeat the steps that we carried out for U now for V. Define the eigenvalue equation to act to the
left, v - V = v} vy. In particular, show that

V' =1, (1.115)
eigenvalues v), are given by
o =t w k. k=1,2,....n, (1.116)
and the eigenvectors are
1 o~ _j2n
vi=—= e ik (1.117)
M=
Show that _ _
vt =¢e'. (1.118)

Thus, recognize that the eigenvectors of the periodic operators U and V are related to each other
by discrete Fourier transformation,

> ek (1.119a)

1
NG
I & e

vl = %Zel%kluk. (1.119D)
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(e) Verify that

U-V.vh = vk (1.120)
and
V.U vk = vhtleiir (), (1.121)
Thus, derive
U - V=¢%V.U. (1.122)
(f) For n =2 we have
U? =1, VZ=1, and U.-V=-V.U. (1.123)

These constitute four independent operators, 1, U, V, and U - V, which have the same algebra as
that of 1, 0, 0y, and 0.

3. (20 points.) Consider an operator U that is defined using the following operations,

Ular) = |az), (1.124a)
Ulaz) = |as), (1.124b)
Ulas) = |a1). (1.124c¢)
Find the eigenvalues of the operator U.
1.4 Linear vector space over a complex field
1. (Adjoint operator.) The adjoint of an operator A, denoted by
AT, (1.125)
is defined by the relation, for arbitrary two states |1) and |2),
<1|(A|2>) - (<1|AT)|2>. (1.126)
2. (Hermitian operator.) A self-adjoint, or a Hermitian, operator is one for which
Al = A (1.127)
That is, for arbitrary two states |1) and |2),
<1|(A|2>) - (<1|A)|2>. (1.128)
3. (20 points.) Prove that if A is Hermitian,
A= At (1.129)
then, ( |A] ), for an arbitrary state | ), is real.
Hint: An Hermitian operator has real eigenvalues A}. Thus, we have
(14]) = ( (Z |A§><A§|> A 1A ) (1.130a)
i J

= > A (1.130D)
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4. (20 points.) The projection operator that projects a state | ) into |1) is defined as

_ DA
P = W, (1.131)
with the operation
P1|>=|1>ﬂ- (1.132)

1

—~

Show that P; is a Hermitian operator. That is, show that, for arbitrary two states |2) and |3),

~

3I(Pi12) = (BI7)12): (1.133)

5. (20 points.) The momentum operator p is a Hermitian operator. That is, pf = p. When the system is
described by the state vector | }, the expectation value of the momentum operator is given by

up = (|p[). (1.134)

In the position-basis we have
h
up = [ @2 (RO Ipl) = [ )TV u) (1.135)

where the wavefunction ¢ (x’) = (|x’) is the projection of the state vector in the position-basis. Using the
position-basis representation of up given by the second equality in Eq. (1.135) show that

up” = up. (1.136)
(Hint: Use integration by parts.)
The orbital angular momentum is given by the operator construction

L=rxp (1.137)

in terms of the position operator r and the momentum operator p, each being Hermitian. Show that orbital
angular momentum is Hermitian. That is, Lt = L. The expectation value of the angular momentum, in
the position-basis representation, is given by

ur, = /d3x'w*(x')h(r x V)(x'). (1.138)

i
Show that
uL* = ur,. (1139)

6. Refer Schwinger lecture notes for more problems. They need to recasted using the Dirac notation.
(20 points.) The requirement for an operator to be unitary is

(Ay, AY) = (¥, ¢) (1.140)

for any 1. Show that this implies
(Ag, AY) = (¢, ). (1.141)
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1.5 Linear transformation on a vector space

Problems
1. (40 points.) A unitary matrix is defined by
Utu =1, (1.142)

where { stands for transpose and complex conjugation.

(a) Show that

U=¢t (1.143)
is unitary if H is Hermitian, that is Hf = H.
(b) Show that
1+4A
U= ——— 1.144
1—-4A ( )
is unitary if A is Hermitian.
(¢) Using
) 1—14A
A= I —= 1.14
tan 2 "\1+i4 (1.143)
show that
H =2tan"' A. (1.146)
(d) Show that
1—-iB
U= 1.147
1+iB ( )

is unitary if B is Hermitian.

2. (20 points.) Show that the combination XX is Hermitian, irrespective of X being Hermitian. Use this
to deduce that the eigenvalues of XX are non-negative.

3. (20 points.) Prove that Hermitian operators have real eigenvalues. Further, show that any two eigen-
functions belonging to distinct (unequal) eigenvalues of a Hermitian operator are mutually orthogonal.

4. (10 points.) A is a matrix with eigenvalues aq, as, ..., such that

trd=>"aj, (1.148)

exists. Prove that, for a function f,

trf(A) = Zf(ai). (1.149)



Chapter 2

Measurement algebra

2.1 Stern-Gerlach experiment
Problems

2.1.1 Stern Gerlach experiment

1. (20 points.) (Ref: Milton’s notes.) The energy of a charge e moving with velocity v in an external
electromagnetic field is

E:eqS—EV-A, (2.1)
c

where ¢ is the scalar potential and A is the vector potential. The relation between A and the magnetic
field H is
H=V xA. (2.2)

For a constant (homogenous in space) magnetic field H, verify that
1

is a possible vector potential. Then, by looking at the energy, identify the magnetic moment g of the
moving charge.

2. (20 points.) Consider an atom entering a Stern-Gerlach apparatus. Deflection upward begins as soon
as the atom enters the inhomogeneous field. By the time the atom leaves the field, it has been deflected
upward by a net amount Az. Compute Az for

J  OH. G 1
Uy = 10_276’ 5 = 106;, ! =10cm, 5mv§ =kT, T=10°K. (2.4)

3. (20 points.) (Ref: Milton’s notes.) A silver atom has mass (actually the stable isotopes are Ag?7, Ag!09)
m = 108 x 1.67 x 10~%" kg, (2.5)

and speed
v=10*m/s. (2.6)

Compute the reduced de Broglie wavelength, A, and the corresponding diffraction angle 660 when a beam
of such atoms passes through a slit of width 1072 cm. (See Fig. 3.3 in Milton’s notes and discussion of
Eq. (3.26) there.) Compare this diffraction angle with the deflection angle produced in a Stern-Gerlach
experiment.

19
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2.1.2 Probabilities

. (20 points.) Using the notation for the probability for a measurement in the Stern-Gerlach experiment,

introduced in the class, show that

1—cos®
p([+: 01, 1] = [—; 02, 42]) = — (2.7)
where
cos © = cos 01 cos b + sin 61 sin O cos(Pp1 — P2). (2.8)

. (20 points.) The probabilities in a series setup of Stern-Gerlach experiment can be described using the

notation
p([A=d]— [B=V]—[C=/C)), (2.9)

where [A = a’] denotes the selection of the beam corresponding to the eigenvalue a’. For spin-3 the
operators A, B, and C, are given by o - n, where 1 is the direction of the magnetic field. Connecting with
the notation introduced in class, we have, for example, [0, = +1] = [+;0 = §,¢ = 0]. Show that

pA=d]=[B=V]>[C=c)=p(A=d] = [B=VDp([B=V]>[C=c]).  (2.10)

. (20 points.) Using the notation for the probability for a measurement in the Stern-Gerlach experiment,

introduced in the class, evaluate
p (110,01 = [+:5.0 = [+ 3. 5] = [+:0,0]) (2.11)
which is also written as

p(lo. = +1] = [0z = +1] = [0y = +1] = [0, = +1]). (2.12)

. (20 points.) The eigenvectors for the Stern-Gerlach Hamiltonian are

cos 2 eﬂ% —sin eﬂ%

0 iz
cos 5 €2

(a) Show that |—;7 —0,¢ + m) = |+;0, ¢), up to a phase.
(b) What is the physical interpretation?

. (20 points.) The eigenvectors for the Stern-Gerlach Hamiltonian, choosing ¢ = 0, are

cos g —sin g
|+;6) = and |—;60) = . (2.14)
sin g cos g
Also, we have

1 (14+cosf sin6 1 (1—cosf —siné
|[+;6)(+;0] = = and |—;0)(—;0| == . (2.15)
2 sinf 1-—cosf —sinf 1+ cosf

Using the notation for the probability for a measurement in the Stern-Gerlach experiment, introduced in
the class, evaluate

p([+0] = [ 5] = [+0)). (2.16)
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2.1.3 Interference

. (20 points.) Show that

p([+:0,0] = [+;m,0]) = 0. (2.17)
Further, show that
p([+:0,0] = [£:0,¢] —= [+;7,0]) =0, (2.18)
which is a statement of destructive interference. Compare this with the probability for
p([+:0,0] = [+:6,¢] — [+;7,0]) (2.19)
and
p([+:0,0] = [0, 0] — [+;7,0]). (2.20)
(20 points.) Show that
p([+;070] — [—;F,O]) =1 (221)
Further, show that
p([+:0,0] = [£;6,¢] = [=;7,0]) = 1, (2.22)
which is a statement of constructive interference. Compare this with the probability for
p([+30,0] = [+;6,¢] — [~ 7,0]) (2.23)
and
p([+7070] - [_;ea(b] - [_;7-‘—70])' (224)

2.1.4 Measurement disturbs the system

(20 points.) Let us temporarily write 6 for [+; 6, 0], where the supression of information will not have a
consequence because we shall always select the + beam and always have ¢ = 0. Thus, for example, we
shall denote pa = p(0,7/2,7) = p([+;0,0] = [+;7/2,0]) = [+;7,0]). Show that

p1=p(0,7) = p([+;0,0] = [+;7,0]) = 0. (2.25)

A measurement disturbs the system. More measurements disturb the system further more. As the number
of intermediate measurement increases, the original null probably approaches the opposite limit of 1.

(a) Show that

2x2
p2 = p(0,7/2,7) = (cos 5 2) ~ 0.25, (2.26)
S o\ 253
p3 = p(0, §,2§,w) = (cos 5 3) ~ 0.42, (2.27)
T T T r \2
_ Z 9l 3= — ~ 0. 2.2
Pa p(074a 473477T) <COS2X4> 0537 ( 8)
T _.m T r \°
=p(0,—,2—,3—,4—,m) = ~ 0.61. 2.29
D5 p(747 57 57 577T) (COS2X5) ( )

(b) The sequence is rather slowly converging to 1. Show that

p1oo ~ 0.98. (2.30)
(¢) Show that
T T\ 2n
pn = p(0, PREEE , ) = (cos %) . (2.31)
(d) Show that
lim p, = 1. (2.32)
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2.1.5 Operator forms

(20 points.) Using the properties of Pauli matrices,

0,05 = 61']‘ + isijkok, (233)
and the Euler formula _
e =cosx +isinz, (2.34)
evaluate ‘ ‘
e 0% g,e0 T (2.35)

(Hint: Use series expansion for the trignometric functions.) What is the physical interpretation of this
operation?

(20 points.) The probability for a measurement in the Stern-Gerlach experiment is given by

1+ cos®
where
cos © = cos # cos Oz + sin By sin Oz cos(p1 — ¢2). (2.37)
Verify that
o 1+o-0(01,¢1) 1+ o -0, ¢2) _ 1:|:cos®' (2.38)
2 2 2
(20 points.) The probabilities in a series setup of Stern-Gerlach experiment, for spin—%, is given by
1+dA 1+VB 1+VB 1+C
p([A_a’]—)[B_b’]%[C_c’])_tr( +2a > < +2 )u( +2 > < +2C > (2.39)

where [A = a'] denotes the selection of the beam corresponding to the eigenvalue a’. Find the following
probabilities:

(a) p(lox = +1] = [0z = +1])
(b) p([om = +1] - [Uy = +1] - [01 = +1])

2.2 Complementary variables

1.

(20 points.) The probabilities in a series setup of Stern-Gerlach experiment can be described using the
notation

p([A=d]— [B=V]—[C=/C)), (2.40)
where [A = a’] denotes the selection of the beam corresponding to the eigenvalue a’. For spin-3 the
operators A, B, and C, are given by o - n, where 1 is the direction of the magnetic field. Connecting with
the notation introduced in class, we have, for example, [0, = +1] = [+;0 = §,¢ = 0].

(a) Verify the following probabilities:

p([ox = +1] = [0, = +1]) = 1, (2.41a)
pllow = +1] = [0y = +1] = o = +1]) = 7, (2.41)
pllow = +1] = oy = +1] =+ o = ~1)) = 7, (2.41¢)
pllow = +1] = loy = 1] =+ o = +1]) = 7, (2.41d)
pllow = +1] = [0y = —1] = o = ~1]) = . (2.41¢)
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Does the measurement of o, completely wipe out the prior knowledge of the measurement of 0,7 If
yes, why? If no, why not? (Hint: Argue that the measurement of o, has completely randomized the
information content of o,, and thus wiped out the prior knowledge of the measurement of o,.) Are
o, and o, complementary?

(b) An experiment is capable of measuring the following six physical variables:

va‘]yaJZ7Jm25‘]§an25 (242)
where
h

Out of the 15 distinct pairs of variables above, list the pairs that can be measured simultaneously.
That is, list those for which the measurement of one variable in a pair does not disturb the measure-
ment of the other—the measurements are compatible.

(c) Are the remaining pairs in the list complementary sets? Remember, complementary variables have
optimal incompatibility. Complementary variables are pairs that are needed to describe the system,
but the measurement of one variable completely (and maximally) wipes out the prior knowledge of
the other.

2. (20 points.) For a positive integer n the equation
(up)" =1 (2.44)

is satisfied by n roots of unity,
w =k k=12, n (2.45)

Using the periodicity property show that u;,,; = uj, for positive integer I < n. The n-th roots of unity
satisfy

> up=0 (2.46)
k=1

and, for integer r,

1 — 1 f =0,n,2n,...
—Z@M:{ o T T (2.47)
n

P 0 otherwise.

3. (20 points.) An eigenbasis that spans an n-dimensional space consists of eigenvectors €;, where i =
,2,...,n. These eigenvectors have n components that can be indexed using a,b = 1,2,...,n. That is,
i = e¢. Thus, using Einstein summation convention, the orthonormality conditions can be stated as

e -éj = (Sij, or e?Te? = 5@‘, (248)

N

and the completeness relation can be stated as
e8] +... +e,8f =1, or e?efT = 5. (2.49)

In this spirit, consider the following eigenbasis, constructed using n-th roots of unity,

1 1 i2m
ok = k) = o=, ki=12n. (2.50)
Show that
Zei%‘k(lfl’) — néy, (2.51)

k=1
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and using this relation verify that the eigenbasis satisfies the completeness and orthonormality relations.
For n = 2, the eigenvectors are

. 1 /-1 . 1 /1

el—ﬁ<1>, 82—ﬁ<1> (252)
Show that these eigenvectors satisfy the orthonormality and completeness relations. Determine the eigen-
vectors for n = 3 and verify the corresponding completeness and orthonormality relations. Caution: Do
not forget the complex conjugation.
Solution:

(2.53)

. (20 points.) An n-dimensional vector r can be expressed in the following way

- Zn: 1) = Zn:ék i, (2.54)
k=1

where 7, = (éL -r). Then, indexing the components of the vectors r and &, we have

zn: Pkl (2.55)
k:

3\

which can be inverted to give

Tzn: KLy (2.56)

. (20 points.) Prove that, upto a phase,

L gemy

<vZIU§€>=ﬁ6 n (2.57)

. (20 points.) Show that the action of a unitary operator U on a function f(A), where A is an operator,

satisfies
Uf(AU = f(UAU™Y). (2.58)
Problems
1. (20 points.) Consider an operator U that produces the same set of a vectors but in different order, as
produced by numbering them: ai,aq,...,a,, and then, cyclically permuting them. That is,
Ulag) = |akt1), for k # n, (2.59)
Ulan) = |a1). (2.60)

Find the eigenvalues of the operator U.
Hint: We have the simplest example of this in o,:

ozl=) = [+), o) = |-). (2.61)

In this example, repetition gives unity, o2 = 1.
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2. (20 points.) Show that, for integer n > 0,

M= 1l=(z—-DA4+z+224+... 42", (2.62)
If 2’s are the n-th roots of unity,
=1, (2.63)
with u}, being the roots,
u,o =k, k=1,2,...,n, (2.64)

show that

—~~

2.65)

cas (@) =G @) @) )]

3. (20 points.) In terms of the eigenvectors of the complementary variables, U and V, introduced in class,
evaluate

D (vlui) (uor,). (2.66)

Thus, derive .
> TR = ngyy. (2.67)
k=1
(a) What do you learn about the n-th roots of unity from this relation?
(b) For, n=7, verify the (seven) relations after setting [ = n.

(¢) (Optional. Will not be graded.) Muse on the connection of the above relation with Ramanujan’s
sum.

(d) (Optional. Will not be graded.) Muse on the connection of the above relation with the discussion
on ‘Constructible polygons’ in Wikipedia.
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Chapter 3

Uncertainty states

3.1 Notation

e | ): State vector describing the state of a system.
e A, a: Measurable quantities, in general an operator.

e A’  a': Eigenvalues.

|A”), |a’): Eigenvectors.

(A’| ): Wavefunction, describing the state of the system in the eigenbasis of operator A.

3.2 Intrinsic uncertainty in position and momentum

3.3 Heisenberg’s uncertainty relation

1. (60 points.) Let A and B be Hermitian operators. Consider the expectation or average values of A and
B in the physical state | ),

(A ={141),  (B)=(IBl), (3.1)
and the mean square deviation from these averages,
§A)? = ([(A—(4)?) = (1), (3.2)
(6B)* = (|(B - (B))*|) = (2[2), 3.3
where
(A =([(A=(4)), [2)=(B-DB)), (3.4)

(a) (Prove the Schwarz inequality.) Use the Schwarz inequality to learn
(64)*(0B)* = (1[1)(2[2) > [(1[2)/*, (3:5)

where the equal sign applies only when |1} is parallel to |2).

(b) Show that the antisymmetric product of two Hermitian operators X and Y,

1 1

C:—,(XY—YX):—,[X,Y}, (3.6)
i i

is also Hermitian, that is, CT = C. Further, show that the symmetric construction,

(XY +YX)={X,Y}, (3.7)

27
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is also Hermitian. Thus, the product XY, which is not Hermitian, can be expressed as a combination
of two Hermitian operators,

Xy = %(XY LY X) 4+ %O. (3.8)
Remember that the expectation values of Hermitian operators are real.
(c) Let
X =A-(A), Y =B - (B). (3.9)
Thus, derive
IR = XY +YXODP + 7110 (310)

(d) Using Eq. (3.10) in Eq. (3.5) derive Robertson’s generalization of Heisenberg’s uncertainty relation

(0A)(6B) > =|(C)]. (3.11)

N~

(e) Apply this to the pairs (A, B) = (q,p) and (A, B) = (04, 0y).

3.4 Uncertainty relation for angular momentum

1. (60 points.) Consider a normalized state

U T1 + 1x2 9 9
= = . , + =1. 3.12

a ow that the expectation value of the Pauli matrices with respect to the above state satisties
Sh hat th i 1 f the Pauli i ith he ab isfi
(02)2 + (0,)* + (0,)? = 1. (3.13)

Thus, conclude that the magnitude of the expectation value of each of the Pauli matrix is less than
or equal to unity.

(b) Define the errors in the measurement of the Pauli matrices to be

2

(003)* = ({ow = (o2)} 1), (3.14a)
(603)* = ( {oy, = (@)}"]), (3.14b)
(602)2 = (|{o= — (0:2)}7] ). (3.14c)
Show that
(605)? = 1= (04)?, (3.15a)
(00,)% = 1= (oy)?, (3.15b)
(60)* = 1—(0,)> (3.15¢)

Thus, conclude that the errors in the measurement of each of the Pauli matrix is less than or equal
to unity. Show that

(607,)* + (60,)* + (60%)* = 2. (3.16)

(c) Using Robertson’s generalization of Heisenberg’s uncertainty relation

GA6B) > ZC), ¢ ==[4B], (3.17)

N~
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(f)

deduce the uncertainty relations for the Pauli matrices to be

(607,)%(607,)% > (02)?, (3.18a)
(00y)%(007)* > (0a)?, (3.18b)
(6072)%(60%)* > (oy)° (3.18¢)

Combine these uncertainty relations to derive an uncertainty relation involving all the three Pauli
matrices,

(00%,)%(807,)? + (607,)?(60%)? + (607 )% (607,) > 1. (3.19)

Show that minimal uncertainty in each of the above relations is attained, if

(oz)(oy) = 0, (3.20a)
(oy)o.)y = 0, (3.20b)
(o:){og) =0 (3.20¢)

Since the expectation value of the Pauli matrices satisfy Eq. (3.13) all three of the expectation value
of Pauli matrices can not be zero for a given state. But, two of them can be zero, which is sufficient
for minimizing all the above uncertainty relations. For example, a state satisfying

(02) = (oy) =0 (3.21)

minimizes all the four uncertainty relations above.

Show that

|min) = <(1)) (3.22)

is such a state. Evaluate (0.), (0y), (02), (02), (02), (02), 60, b0,,, and do’,, when the system is in
this state.

Understand the Stern-Gerlach experiment in this light.

2. (20 points.) In light of Eq. (3.16), it seems we could conclude that there exits a state | )} for which

b0y, =60, =0, and do, = V2. (3.23)

x

Is this statement correct? If yes, find the state, else, explain why such a state does not exist.

Solution: Such a state does not exist, because it is not compatible with Eq. (3.15¢). Thus, not all points
on the sphere represented by Eq. (3.16) are allowed. The physical implication of this needs to be explored.
Does this have any connection with the CHSH inequality?

3. (20 points.) Thoughts:

()

(b)

Refer

L. Dammeier, René Schwonnek, R. F. Werner, Uncertainty relations for angular momentum, New J.
Phys. 17 093046 (2015).

P. Busch, P. Lahti, and R. F. Werner, Colloquium: Quantum root-mean-square error and measure-
ment uncertainty relations, Rev. Mod. Phys. 86 1261 (2014).

Derive the CHSH inequality, in this context, which seems to involve the correlation ((o - a)(o - b)).


http://iopscience.iop.org/article/10.1088/1367-2630/17/9/093046
https://link.aps.org/doi/10.1103/RevModPhys.86.1261
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3.5 Minimum uncertainty state

1. (40 points.) Note dated 20170915: Requiring (o,) = 0 in Eq. (3.31) is artificial, but not wrong.
Robertson’s generalization of Heisenberg’s uncertainty relation

1

(BA)GB) = 5HC), € ==[4,B], (3.24)

N~

for (A, B) = (04,0,) reads
(002)(d0y) = [{o2)]- (3.25)

The minimal uncertainty states |min), are characterized by the equality
(004)(d0y) = [(02)]- (3.26)
(a) Show that the minimum uncertainty states satisfy the relations,
{oy = (oy) }/min) = Moy — (o) }|min) (3.27a)

and
(min|{oy, — (o), 00 — (04) }|min) = 0. (3.27b)

(b) Show that A is pure imaginary, A = v, for real 4. Further, show that

5=+ 9% (3.28)

80y
(c) Using Eq. (3.27b) show that, for minimum uncertainty states,
(0z)(oy) = 0. (3.29)
(Hint: Use 0,04 + 0y0, = 0.) Using Eq. (3.29) in Eq. (3.26) show that
1—{02)? = (0y)* = |{:)]*. (3.30)
(Hint: Use 07 =1 and o7 = 1.) In the eigenbasis of o we will have (0.) = 1, which then leads to
(02)2 + (5,)* = 0. (3.31)
Using Eq. (3.29) and Eq. (3.31) show that
(05) =(0oy) =0 and (do,) = (o) = 1. (3.32)
(d) Thus, show that the minimum unceertainty states satisfy the equations
(07 £i0y)|min) = 0. (3.33)

Solve these matrix equations to determine the two (normalized) minimum uncertainty states |min).
Are linear combinations of the two states minimal uncertainty states?

(e) Evaluate (0.), (0y), (02), (02), (07), (02), 604, 0oy, and b0, when the system is in the minimum

uncertainty state. Verify Eq. (3.26).
(f) What is the physical interpretation?
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2. (20 points.) The minimum uncertainty state for Heisenberg’s uncertainty relation
1
dqdp > B (3.34)
= (p) =0 and dq = ép = 1/V2,
(3.35)

in the position eigenbasis is, for {q)

1 ,
Wo(q) = — e3¢ ’
T4
Evaluate the minimum uncertainty state in the momentum eigenbasis, 1o (p’), by evaluating the integral
for the Fourier transform o gy
AN q —ig'p’ /
= —c€ . 3.36
i) = [ e ) (3.36)
3. (30 points.) Show that
5d — () = lim = (") (3.37)
6q—0 \/E 26(] '
is a suitable representation for the Dirac d-function. That is, verify that it satisfies
o(¢" —{a)) = 0, for ¢ #{q), (3.38a)
o(¢' = (q)) = o0, for ¢ ={(q), (3.38D)
(3.39)

/OO dq'd(q" — (q)) = 1.

and
— 00

3.6 Stationary uncertainty state
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Chapter 4

Commutation relations

4.1 Einsteinian relativity

In Einsteinian relativity the new feature is the finiteness of ¢, speed of light, which requires the abandonment
of absolute simultaneity. For infinitesimal Poincaré transformations, Einsteinian relativity is characterized by

t/

1, 1
t— 256 - C—Qév-r7 (4.1a)
r' =r—de—dwxr—ivt, (4.1b)

where 6¢°/c corresponds to translation in time, de corresponds to translation in space, dw corresponds to a
rotation, and §v corresponds to boost.

02

(t1,r1) ——— (t21,121)

(to,ro) 071,2]

(to,rg) ————— (t12,112)

01

Figure 4.1: Group transformation

Problems

1. Derive the composition properties of the Poincaré group:

5[1_2]80 = 1(61V . 625 — 62V . 515), (4.2&)
’ C
5[1_2]5 = (51(.0 X 526 — 52(.0 X 516) + l(61V62€0 — 62V§1€0), (42b)
’ C
1
Sj1ow = 01w X daw — — 01V X G2V, (4.2¢)
C
01,21V = (01V X 2w — G2V X 01w). (4.2d)

33
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2. The generators of the unitary transformation induced by the above infinitesimal coordinate transforma-

3.

tions are comprised in

G:—%5500P0+5e~P+5w-J+5v~N+5¢1. (4.3)

The generator of time translation in Einsteinian relativity is ¢P°, which corresponds with the Galilean
generator for time translation H, the Hamiltonian, by the relation

cP’ = H + Mc*, (4.4)
Using the group commutation relations
1
- (G1,G3] =611 9G (4.5)
derive
—01°PY + 616 P4+ 6w -TJ+6v-N, —626°P° + 696 - P+ dow - T+ 6v-N
= —5[1)2}50P0 +0p2€ - P+opgw-J+opgv-N (4.6a)
= —%(61v - 02e — 8v - 01€) P°
+(dw X dae — dow X §1€) - P + %(51v5250 — 6v61€Y) - P

+(0hw X Jow) - J — ciz(élv X 0gv) - J
—l—((SlV X 0w — 0oV X 61(4.7) -N. (46b)

Here we have used
01,219 =0, (4.7)

see [1].

(a) Show that the response of the generators under time translation is given by

1
_h [ — 51€OP0, —5260P0} = (48&)
1
E [515 P 5280P0} (48b)
1
0w T, —6,6"P°] =0, (4.8¢)
lh[(hv N, —6,c"P°] = —525051\, P. (4.8d)
(b) Show that the response of the generators under translation in space is given by
1 0 p0
_h [ — 515 P ,525 . P] (49&)
1
_h [515 . P, 525 . P] (49b)
1
= (61w - J,02e - P] = (61w X b2¢) - P, (4.9¢)
1
— [51v N, de-P] = ——51v 26 P°. (4.9d)
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(c¢) Show that the response of the generators under rotation is given by

%[— 516" P, 6w - J] = 0,
%[515 P, 6w - J] = (616 X dow) - P,
%[&w -J,52w-J} = (1w X dow) - J,
L [51v N, dow - J} = (§1v X Jow) - N.

ih
(d) Show that the response of the generators under boost is given by

1
— 61€OPO, (52V -N| = ——518052V . P7
c

7l

1 1
_—[61€'P,62V'N = —615'62VP0,
ih c

= (51(.0 X (52V) . :N'7

= —c%(élv X 52V) -J.

%[61W'J,62V'N
1
=l

]
]
]
]

51v-N,6v - N
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(4.10a)
(4.10b)
(4.10¢)

(4.10d)

(4.11a)
(4.11b)
(4.11¢)

(4.11d)

4. Compare the commutation relations in Einsteinian relativity with the Galilean ones. Thus, show that in
Galilean relativity, J/c? is neglected, and H is neglected relative to Mc?, giving the effective replacement

of the operator P°/c by the number M.

5. We observed that the generator of a unitary transformation is arbitrary upto a phase d¢.
determine the structure of the phase in this exercise. The generator is given by the expression

G=—-Hét+P-6e+J-6w+N-dv+ hio.
Our goal will be to construct the bilinear form §j1 9)¢.

(a) Argue that dpy ¢ has to be antisymmetric in 12,
01,219 = —I2,119-

(b) Argue that Jj; 2] has to be a scalar.

(c) Show that the most general bilinear form for d; 9)¢ is
5[1)2“2/) = K(51w - 02 — ow - 515) + L(51w -0V — ow - 51V) + M(51€ <0V — 0g€ - 51V),

where K, L, and M are constants.

(d) The Jacobi identity, applied to three sets of infinitesimal transformations, implies that

K[5[1,2]w . 535 — 53(4) . 5[172]6 + Cycl. perm.]
+ L[6}1 2w - 03V — 3w - O[3 91V + cycl. perm.]
+ M0 € - 03V — 03€ - 01,9V + cycl. perm.] = 0.

i. Verify that the coefficient of M vanishes identically.

ii. Determine the simplified expression for the non-vanishing coefficient of K.
iii. Determine the simplified expression for the non-vanishing coefficient of L.
iv. Hence conclude that K and L must be zero.

(e) Thus, conclude that
5[1;2](25 = M(61& - 62V — b2 - 01V).

‘We shall

(4.12)

(4.13)

(4.14)

(4.15)

(4.16)
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Chapter 5

Harmonic oscillator

5.1 Harmonic oscillator

1. Any system obeying the Newtonian equation of motion

dp

=—k 1
o x (5.1)

is broadly termed a simple harmonic oscillator. Here x and ¢ is position and time of the system, p = mv
is momentum, and k is a constant. Recognizing that the associated restoring force is a conservative force,

we can write J 5 /1
@ _ 9 (11,2
dt Ox (2]“6 ) ’ (52)

which states that the associated force is a manifestation of the system trying to reduce the energy. This
allows us to identify the potential energy associated with a harmonic oscillator as

1
U= ikxz. (5.3)
The Hamiltonian for the harmonic oscillator is
2
_p 1
H(z,p) = o + 2/€x . (5.4)
The Hamilton equations of motion are
de OH p
e 5.5
gt 0p m’ (5.52)
dp OH
LT — e .5bb
dt ox v (5.5b)

These first order equations in conjunction leads to the Newtonian equation of mation.

. We upgrade to quantum mechanics from the classical picture by imposing the commutation relations

[:C,:v] =0, [ ,p] =0, [x,p] =1h, (5.6)

on the dynamical variables x and p. Since these variables donot commute with each other they can not
be numbers anymore and are instead operators. The correspondence with the classical picture is made
by requiring the eigenvalues of these dynamical operators to relate to their classical counterparts. This is
traditionally achieved by requiring the operators to be Hermitian,

=z, pl=p, (5.7)

37



38

CHAPTER 5. HARMONIC OSCILLATOR

such that the eigenvalues are certainly real.

The Hamilton equations of motion for the dynamical variables are obtained from their classical coun-
terparts simply by generalizing the variables to operators. Further, the Heisenberg equations of motion,
which are given in terms of commutation relations between the operators with the Hamiltonian, are

de_oH _ 1
dt  dp ik
dp _B_H_l

[z, H], (5.8a)

b O Lpm), (5.50)

Verify that

1 P
E[;C,H} = E’ (59&)
1

Thus, the equations of motion are identical, whether we use the Hamiltonian equations of motion or the
Heisenberg equations of motion.

. The eigenvalues H' of the Hamiltonian operator H is defined using the eigenvalue equation

H|H') = H'|H'). (5.10)

Since energy is often denoted by E we will use H' and E interchangably to represent energy. It is desired
to project states on a position eigenstate (x’|, which leads to

(/|H|H') = H' (/| H). (5.11)

Using the projection of a momentum eigenstate [p’) on a position eigenstate |z) to be given by

W) = e = (5.12)
V2T V2T
show that
(2 |z|H'Y = o' (z'|H") (5.13)
and
h O
('[p|H') = ;@<$/|H/>~ (5.14)

Then, using these in the expression for the Hamiltonian derive the time-independent Schrédinger equation
for the harmonic oscillator,

o (4) b -

2m

where

U(a') = (@'[H') (5.16)

is the projection of an energy eigenstate |H') on a position eigenstate (x'|, the energy wavefunction.

4. In terms of the non-Hermitian operators,

\/% <\/Ea:+ii> , (5.17a)
. \/% <\/Ex _ Z-L) , (5.17b)
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where w = \/k/m, verify that

[y,yw =1, [y,y] =0, [yT,yw =0. (5.18)

Show that the Hamiltonian for a harmonic oscillator is given by

H(y,y") = hw (yTy + %) . (5.19)

Evaluate the content of the Heisenberg equations of motion

dy 1
d_?z = — [y, H], (5.20a)
dyt 1
— = [y H]. (5.20D)

5. The harmonic oscillator is described by the number operator

n=ala (5.21)

constructed out of a non-Hermitian operator a and it’s Hermitian conjugate a' that satisfy the commu-
tation relation

(a)

[a,a'] =1. (5.22)

A suitable basis for describing the harmonic oscillator are the eigenvecotrs |n') labeled by the respec-
tive eigenvalues n’ of the number operator defined using the eigenvalue equation

n|n'y = n'|n’). (5.23)
These eigenstates of the number operator n satisfy the completeness relation

>y =1 (5.24)
and the orthonormality relations

(n'|m’) = Sy (5.25)

By taking the trace on both sides of Eq. (5.22) argue that afa can not be represented using finite
dimensional matrices. Thus, deduce that the eigenvalues n’ must be infinite of them.

Show that the number operator n is a Hermitian operator. Thus, the eigenvalues n’ must be real.
Further, because n is a bilinear construction of Hermitian conjugated operators, deduce that the
eigenvalues n’ are non-negative. That is,

n' > 0. (5.26)

Starting from the commutation relation in Eq. (5.22) show that

[n,aw =al, (5.27a)
[n,a] = —a. (5.27b)

Using Egs. (5.27) derive
n{a”n’}} = (' + 1){aT|n’>}, (5.282)
n{a|n’)} = (n — 1){a|n’>}. (5.28b)
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Thus, deduce that a is a lowering operator, that is,
aln’) = ¢y’ — 1), (5.29)

where ¢/, is to be determined. Further, conclude, if n’ is an eigenvalue, then (n’ — 1) is also an
eigenvalue. Similarly, deduce that a' is a raising operator, that is,

a'ln’y = d,|n’ + 1), (5.30)

where d, is to be determined. Thus, conclude, if n’ is an eigenvalue, then (n’+1) is also an eigenvalue.

(e) Starting from Eq. (5.29) we can construct
(n'la’ = ¢, " (n' —1]. (5.31)
Together, they imply
n =|c,|? (5.32)
Thus, upto a phase

cy =Vn'. (5.33)

Similarly, starting from Eq. (5.30) we can construct

(n'la =d.," (n' +1]. (5.34)

n'!

Together, they imply
(n' +1)=|d,|* (5.35)

Thus, upto a phase

Lo=n/ + 1. (5.36)

Thus, we derive the action of the lowering and raising operators explitcitly,
af|ln’y = Vo' + 1|0/ 4 1), (5.37a)
aln’) = Vo/|n' —1). (5.37b)
(f) Since all the eigenvalues have to be non-negative, the lowering operator cannot indefinitely lower
the sate. This is accomplished by requiring the eigenvalues n’ to be discrete, take on non-negative
integral values, such that the smallest value for n’ is 0. Thus, argue the existance of the ground

eigenstate that satisfies
al0) = 0. (5.38)

That is, n’ = 0 corresponds to the eigenstate for the ground state.

6. To determine d,,; we construct an eigenstate in terms of the ground state,

Tyn
) = (12)7)1/

0), Dy =dods...dw-_1. (5.39)

Presuming the eigenstates are normalized, use
<mlln/> = 6m’n’ (540)

to learn that ) )
| Do [* = (0ly™ (7)™ 10). (5.41)

Show that ) ) ) )
Oly™ (y")™ 10y =n’ Ofy™ ~*(y")™ ~|0). (5.42)
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’

(Hint: Show that [y, (y")" | = n/(y")"'=1.) Thus, deduce that |D,/| = v/n! and |d,/| = v/n’ + 1. Thus,
we have

ytn'y = v/ + 1|0/ +1). (5.43)
Operate the lowering operator y on both sides of the above equation and decipher the statement
yln') = Vn'ln’ — 1) (5.44)
to learn that ¢,y = Vn'.

7. The projection of the eigenstates |n') on the position eigenstates (x| leads to the construction of the
corresponding wavefunctions

e (2) = (2 |n'). (5.45)

We will set kK = m = 1 by suitable scaling of x and p and further set i = 1 to avoid clutter in the equations.
We shall also drop the primes to represent the eigenvalues.

(a) Starting from Eq. (5.38) deduce the differential equation satisfied by the ground state to be

0
(:17 + %> o(z) = 0. (5.46)
Thus, show that
Po(z) = T ieT 3 (5.47)

Plot 1/)0 (I)
(b) Starting from the statement in Eq (5.39),

T\n
Y
In) = (\/% |0), (5.48)
deduce the relation
1 o\"
U (x) = ST <3: - %) Yo(x). (5.49)
(c) Verify that
) s@) = (—er e 5@ (550)
- z) = | —e e x). .
Thus, show that
x—i nf(a:)*e%:”2 _9 ne_%w2f(:17) (5.51)
Oz N Oz ' '
(d) The Hermite polynomials are defined as
H,(z) = e* (—g) e (5.52)
x

Yo () = wo(x)Hn(x) (5.53)

Plot ¢, (z) for n =0,1,2,3,4.
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Problems

1. (50 points.) A quantum harmonic oscillator can be constructed out of two non-Hermitian operators, y
and y', that satisfy the commutation relation

v,y = 1. (5.54)

The eigenstate spectrum of the (Hermitian) number operator, n = y'y, represented by |n'), where n’ =
0,1,2,..., satisfy

n|n')y = n'|n’), yln') = Vn/|n’ — 1), y'n')y = V' + 10/ +1). (5.55)
(a) Build the matrix representation of the lowering operator y using
[ (0[y|0) (Oly[1) (Oly[2) (Oly[3) (Olyl4) ---]
(Lylo) (Ly[1) (Ly|2) (Ly|3) (Lly[4) ---
(2ly|0) (2lyl1) (2[yl2) (2[y|3) (2lyl4) -
Y= Blyl0) Blylt) Blyl2) (3lul3) (Blyl4) - (5:56)
(4]yl0) (4]yl1) (4]y|2) (4]y|3) (4]y/4)

Kindly calculate the first 5 x 5 block of the infinite dimensional matrix to report the pattern in the
following questions.

(b) Similarly, build the matrix representation of the raising operator y.
(¢) Build the matrix representation of the number operator n.

(d) Using the constructions

and yf = (5.57)

—L(—F') L(_~)
y_m:v D miﬂ p),

determine the matrix representations for the Hermitian operators, x and p. Check that z and p are
indeed Hermitian matrices.

(e) Determine the matrices for the operators zp and px, and verify the commutation relation

1

ﬁi[x,p] =1. (5.58)

2. (10 points.) Using the asymptotic form for Hermite polynomials for large n,

« n AL 1
e_;Hn(UC) n>l, NG r (n—;— ) cos (x\/ 2n — ng) , (5.59)
T

discuss the manner in which the harmonic oscillator eigenfunctions

Un(z) = \/ﬁe"?fm (@x) (5.60)

approach those of the free particle, satisfying the differential equation

h* o2
with eigenfunctions
én(z) = Acos < 2";5% + 6) ; (5.62)

in the limit when the frequency of oscillations w — 0.
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3. (40 points.) (Set i = 1.) Starting from
yln) = valn — 1) (5.63)
and by projecting this on the position eigenstate derive

d
EHn(x) =2nH, _1(x). (5.64)
Check this for n = 4,3,2,1,0. Similarly, starting from

yin) =vn+1jn+1) (5.65)

and by projecting this on the position eigenstate derive

d
(21: - d_> H,(z) = Hyy1(). (5.66)
Add the two statements to obtain
20H, () = Hpy1(z) + 2nH, 1 (). (5.67)

This recursion relation gives a way of recursively calculating H,,11(z) in terms of H,(x) and H,,_1(z).
Check this for n = 3,2,1,0.

4. (20 points.) Use the results of Problem 3 to deduce the differential equation

d? d
(@ - 2%@ + 2n> H,(z)=0. (5.68)
Show the equivalence of this with
d2

This is the “time-independent Schrédinger equation” for the harmonic oscillator.
5. (20 points.) The ground eigenstate of a harmonic oscillator satisfies the equation
yl0) =0, (5.70)
where

1 .
Y= ﬁ (x +ip). (5.71)

Construct the differential equation satisfied by the ground eigenstate in the momentum basis,

Yo(p') = (1'10). (5.72)

Solve the differential equation and find the normalized ground eigenstate.
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Chapter 6

A charge in a uniform magnetic field

6.1 Lorentz force

1. (40 points.) A particle of mass m and charge ¢ moving in a uniform magnetic field B experiences a
velocity dependent force F given by the expression

dv
PR x B 6.1
m® — v B, (6.1
where v(t) = dx/dt is the velocity of the particle in terms of its position x(¢). Choose the magnetic field
to be along the positive z direction, B = Bz.

(a) For the case when the particle starts at rest at the origin at time ¢ = 0, use the initial conditions

v(0) = 0%k +vo§ + 02, (6.2)
0%+ 0¥ + 02, (6.3)

to solve the differential equation in Eq. (6.1) to find the position x(¢) and velocity v(t) as a function
of time. Use w = ¢B/m.

Hint: Second-order differential equations for v, and v, introduce two arbitrary constants each. In-
tegrations of these equations, to construct the respective positions, leads to another two arbitrary
constants. Thus, there are a total of six arbitrary constants. Four of these are determined by the ini-
tial conditions. The remaining two are determined by the coupling in the components of the velocity,
given by the first-order differential equations in Eq. (6.1).

(b) In particular, prove that the particle takes a circular path. What is the radius of the circle? Determine
the coordinates of the center of the circle?

(c¢) Repeat the above exercise for the initial conditions

=L+ Lytoz .
v(0) = 7 —|—\/§y—|—0 , (6.4)
x(0) = 0%+ 0y + 0. (6.5)

6.2 Lagrangian and Hamiltonian

1. The force on a charge particle in an electric and magnetic field experiences the Lorentz force

d
F:md—‘t’:qE—i-qva. (6.6)
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(a) To identify the Lagrangian we compare the equations of motion with the Euler-Lagrange equation

d (0L oL
(b) To this end, we use
0A
- _ _ 6.8
Vo - =5
B =VxA, (6.9)
to write J
pr (mv+4+gA)=—-V(qgp —qv-A). (6.10)
Thus, after integrating, identify the Lagrangian
1
L(x,v) = §mv2 —(gp—qv-A). (6.11)
2. The canonical momentum is defined as
L
p= ((?)_v =mv + gA. (6.12)
Thus, using H = p - v — L, construct the Hamiltonian
1
H(x,p) = 5—(p — ¢A)* +q¢. (6.13)

2m

3. Evaluate the commutation relations in the Hamilton equations of motion

Cfl_j = %[X,H}, (6.14)

‘Cll_lz _ %[ILH]’ (6.15)
to obtain the equations of motion

mv = p—qA, (6.16)

Z_It’ _ 9 (6.17)

These involve the commutation relation [p,qﬂ = —ih(V¢) and [pi,Aj] = —ih(V?A%), in the position
basis.

4. A homogeneous magnetic field B is characterized by the vector potential
1
A= §B X T. (6.18)

(a) Evaluate V x A. (Hint: V x A =B.)

(b) Evaluate V - A.

(c) Is this construction unique? (Hint: Remember the freedom of gauge transformation.)
)

(d) Now, for the case of B = (0,0, B), pointing in the z direction, show that A = (0, Bz, 0) is a solution.
Find another solution.
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1
H(x,p) = %(P —qA)?,

where 1
A= §B XTr.

Evaluate the commutation relations in the Hamilton equations of motion

dx 1

E = E [X, H} )
dp 1
E = E [p7 H] )
to obtain the equations of motion
mv = p — qA,
dp 1
E = §qV x B.
Further, show that
dA 1
E = —5(]\’ x B.

Thus,

d
md—;’:qva.
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5. A charge in a uniform magnetic field, in the absence of an electric field, is described by the Hamiltonian

(6.19)

(6.20)

(6.21)

(6.22)

(6.23)
(6.24)

(6.25)

(6.26)

. A charge in a uniform magnetic field in the absence of an electric field is described by the Hamiltonian

H(x,p) = L(p —qA)?,

2m
where 1
A= §B X T.
Using the commutation relations
1
Zlxx] =0 —[xp] =[p.p] =0,
complete the set
1 1 1 1 1
—h[x,x} %[v,x} :_E’ %[p,x} = -1, E[H,X] = —v,
1 1 1 qd  iim om 1 1
Fhevl=—. vy = 5B FPvl= 7 H V] =,
1 1 1 1
%[Xap]zl E[V,p] = ﬁi[pap]zov E[ 7p} =
1 1 1 1

6.3 Landau levels

(6.27)

(6.28)

(6.29)

(6.30a)
(6.30D)
(6.30¢)

(6.30d)
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Chapter 7

Laser: Spontaneous emission

7.1 Jaynes-Cummings model

1. (40 points.) Consider the operator constructions

oy = %(U;E +ioy) and o_ = %(01 —ioy). (7.1)
(a) Show that

orl=)=1[+), otl+) =0, (7.2a)

o_|-)=0, o_|+) =1-). (7.2b)

(b) Evaluate 0%, 0%, 040_, 0_o4, the commutation relation [o4,o_], and the anti-commutation rela-
tion {a+, J,}.

2. (40 points.) Consider the operator

Yo =yos +y'o, (7.3)
where 0 = (0, +1i0y)/2 and o_ = (0, —i0y)/2.
(a) Let |n/,£1), n’ = 0,1,2,..., be the common eigenvectors of y'y and o,. Consider the subspace

spanned by the eigenvectors |n/,+1) and |n’ 4+ 1,—1). Construct the matrix representation of the
operator 7 in this subspace by evaluating the elements in

Yo = <TL/,+1|")/0|TL/,+1> <n/a+1|70|n/+ 15_1>
0 <nl+17_1|70|nlv+1> <n/+la_1|70|n/+1a_1> .

Solution:
B 0 vn' +1 (7.5)
=Nl 0 ' :

(b) Find the eigenvalues of the operator 4p. (Solution: +v/n/ + 1.)

(¢) Find the two normalized eigenvectors (upto a phase) of the operator 7y in the subspace discussed
above, and express them in terms of the respective common eigenvectors.

Solution:
W =+) = i|n’ +1) + i|n/+ 1,-1) (7.6a)
0 \/5 5 \/5 ) ’
1 1

In’, +1) In’ +1,—1). (7.6b)

49
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(d) Evaluate 7¢. In particular, show that

1 1
= (yTy + 5) + 0= (7.6¢)
3. (20 points.) Given
N =0z +€0,. (7.7)
Let ¥ = €, so that
1
v =0, +tana og, tana = —. (7.8)

@)

Verify the following probabilities:

a 1 €
=4 =[o.=-1 :sin2—:—(1— ) 7.9a
plr=+ = o= 1) = s G = 5 (1- o= (7.92)
« 1 €
=+]| = o, = +1 —cosz———(l—l— ) 7.9b
p(fr =4 = [ow = 41]) = cos? § = 5 (14 = (7.90)
Plot these probabilities as a function of .
4. (40 points.) Consider the operator
y=yoy +ylo_ + e, (7.10)
where o1 = (0, +i0y)/2 and o_ = (0, —i0y)/2.
a) Let |n', ,n' = 0,1,2,..., be the common eigenvectors of y'y and o,. onsider the subspace
Let [/, £1), n' = 0,1,2 be th i f yTy and o,. Consider the sub

spanned by the eigenvectors |n/,4+1) and |n’ 4+ 1,—1). Construct the matrix representation of the
operator v in this subspace by evaluating the elements in

_ <7’L/,+1|’7|TL/,+1> <n/7+1|7|n/+17_1> (7 11)
T+ 1, -1yn, 41 (0 + 1, -1y +1,-1) | ’
Solution:
€ vn' +1
N = T . . (7.12)

(b) Find the eigenvalues of the operator 7. (Solution: £ve? +n’ + 1.)

(¢) Find the two normalized eigenvectors (upto a phase) of the operator v in the subspace discussed
above, and express them in terms of the respective common eigenvectors. In particular, show that

Y = +) = cos %|n’,+1> —i—sin%m' +1,-1), (7.13a)
' = =) = —sin 0‘7"|n’, +1) + cos 0‘7"|n’ +1,-1), (7.13b)
where

/
tanay, = Y1 (7.14)

€

(d) Find the following probabilities:

p(ho=+ ==+ ==+, (7.15a)
p(ho=+ ==+ =[w=-]), (7.15b)
p(ho=+—=r=-]=[w=+]), (7.15¢)
p(lo=+—->[r=-]—=To=-]) (7.15d)

Plot these probabilities as a function of ¢, and as a function of n’.
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Angular momentum

8.1 Eigenvalues of angular momentum

1. (20 points.) The components J; (i = 1,2, 3) of angular momentum J satisfy the commutation relations
1
E[L‘,Jj} = Eiijk- (8.1)
The general properties of angular momentum can be deduced from these commutation relations. Since
J? is a scalar, it commutes with angular momentum J. That is,

[J-J,J3]=0. (8.2)
Thus, the common eigenvectors of J? and J, constitute a suitable set of basis vectors for discussing a
dynamical system involving only the angular momentum. Let us denote the eigenvalues of these operators
by the labeling scheme J'* = (G +1)R% and J,” = mh. Thus, we write
1 . . .
5 %0dm) = §( + Dlj,m), (8.3a)
1. )

Let us also construct (non-Hermitian) operators

Jy = Jp £1iJy. (8.4)
Observe that
JL = Jz. (8.5)
(a) Show that
s 2 eliom) b = Gn o+ D{ g lgm) (3.6)
Thus deduce that if m is an eigenvalue of J,, then (m 4+ 1) is also an eigenvlaue of J,. Similarly,

show that 1
sl Ilgm) | = m = D{lim)}. (87)
Thus deduce that if m is an eigenvalue of J,, then (m — 1) is also an eigenvlaue of .J,.

(b) Show that
JoJ =T —J2+hJ, (8.8)

is a Hermitian operator. A Hermitian operator has real eigenvalues, but, since J.J_ = Jr J_, infer
further that it has non-negative eigenvalues. Thus, deduce that

jG+1)—=m(m—1) >0, (8.9)

o1



52

CHAPTER 8. ANGULAR MOMENTUM

and then infer

—7<m<j+1. (8.10)
Similarly, show how that
J_J. =3 —J? —hJ, (8.11)
is a Hermitian operator, and deduce that
(G +1)—m(m+1) >0, (8.12)
and then infer
—Jj—1<m<y (8.13)

Using Egs. (8.10) and (8.13) in conjunction, show that
—j<m<j. (8.14)
(Refer Sec. 36 Dirac’s QM book.)
(¢c) Using Eq. (8.14) infer that
j>o0. (8.15)

Note that J? being the square of a Hermitian operator implies j(j + 1) > 0, but it does not imply
that j should be non-negative.

(d) The 2j transitions from m = —j to m = j happen in n = 0,1,2,... steps. Thus, 2j = n. Thus,
conclude that

1.3
i=0,-,1,-,... 1
J 07 27 ) 25 ’ (8 6&)
m=—j,—j+1,...,]. (8.16b)
(e) Repeat the above analysis starting from the labeling scheme
J? =K%, and J,' = mh. (8.17)

8.2 Orbital anglular momentum

1. (20 points.) Orbital angular momentum L also transforms like angular momentum J. (The eigenvalues

of the orbital angular momentum are necessarily integers, because m = 0 is necessarily an allowed state
due to the fact that r-L = 0, corresponding to the fact that rotation about r has no effect. This rules out
half-integral values for the eigenvalues.) The orbital angular momentum has the operator construction

L=rxp, (8.18)

where r is the position operator and p is the linear momentum operator which satisfies the Heisenberg
uncertainty relation

1
s [r,p] =1. (8.19)
Show that
L= —pxr. (8.20)
Evaluate
L-L". (8.21)

Is orbital angular momentum L self-adjoint (Hermitian)?
Caution: Use index notation to avoid pitfalls while using vector operators.
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2. (20 points.) Using the commutation relations involving the position vector r, the linear momentum

vector p, and the orbital angular momentum vector L = r x p, show that

1
—(pxL+Lxp)= 8.22
—(pxL+Lxp)=ap, (822)
where a is a number. Report the numerical value for a.

Caution: Using index notation might be less error prone here.

. (100 points.) The angular momentum can be decomposed as
J=S+1L, (8.23)

where S is the spin or internal angular momentum, and L = r X p is the orbital or external angular
momentum. For the case S = 0 the eigenvalues of angular momentum are necessarily integer valued,
because r - L = 0. Let us denote the eigenvalues by the labeling scheme L'> = h2l(I + 1) and L', = hm,
such that

L2|l,m) = h2(1 4 1)|l,m), (8.24a)
L.|l,m) = hm|l,m), (8.24b)
where
1=0,1,2,..., (8.25a)
m=—l,—l+1,...,1 (8.25b)

The eigenvectors of orbital angular momentum are suitably realized by functions on the surface of a unit
sphere, coordinated by spherical polar coordinates 6’ and ¢’ or the unit vector '. These wavefunctions
defined using the projections

(#[1.m) = Vi (6, ) (8.26)

are the spherical harmonics.

(a) Show that in the position basis, here restricted to the surface of a unit sphere, we have

h
(FIL]) = (| pl ) = (" x VI){E]). (8.27)
Using Eq. (8.27) in Egs. (8.24) show that the differential equations for spherical harmonics are given
by
—(' x V) - (' x V)Y (0, 8") = 11+ 1)Yi(0',¢), (8.28a)
1
=z - (' x V)Y (0',¢) = mY,(0',¢). (8.28Db)

i
(b) Show that the raising and lowering operators defined using
Ly =L,=+xiL,, (8.29)

leading to raising and lowering operations

La|l,m)=hy/(Fm)(I+m+1)|l,m=£1), (8.30)

correspond to the differential equations

% % (¢ x V) iy - () x V’)}Ylm(ﬁl,qﬁ') = VUFm) U Em+ DYimer (¢, 8). (8.31)
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(¢) Using the differential operator in spherical polar coordinates,

0

V’zf’%Jrei,ai érsm@’@qﬁ” (8.32)
where
' = X' sin@ cos¢’ + 3 sin@ sin¢’ + 2’ cos @', (8.33a)
0’ = %' cos® cos¢ + 3 cost sing’ — 2’ sinf, (8.33b)
¢ = —%'sing’ + 3 cosd, (8.33c)
show that
r'x V' = qﬁ'% — élsii@’ % (8.34a)
=%'| —sin¢’ % —cos¢’ cot@’ail} +3 {cosqﬁ % —sin¢’ COtol@iﬁ’] +2’%. (8.34b)
Thus, show the correspondence
L,: 7. ?(r’ x V') g%, (8.35a)
L,: %X }Zz(r' x V') = i—i[—sm¢ 8(2’ cos ¢’ cotﬁlai/], (8.35b)
L,: y- }Zz(r x V') = iz[cosqﬁ 8(:)9’ sin ¢’ cot 918(?;5’} (8.35¢)
Further, verify the correspondence
2 %(r' < V') %(r' L [81116" % si n@'% ﬁ%}, (8.36a)
L% 7;; () x V’)}2 - ?—2%, (8.36D)
Ly: 7;{5(’ (' x V) iy - (% V’)} }Z +id [ + z% — cot ¢ 8(35’]’ (8.36¢)

(d) Thus, show that the eigenfunctions of angular momentum in the position basis, the spherical har-
monics, satisfy the differential equations given by

10
Le: 7 og Vim0, 8) =mYin (¥, &), (8.37a)
1 0 0 1 2
2., |1 o .0 Con .
o [sme/ o0 " 5 T sty aqs/?]y“”(e ¢) =W+ DYim 8, 6), (8.37D)
z i o
Ly : ; i¢{izw —cotf’ 6_¢’]Ylm(9/ ¢/) _ \/(l:l:m)(lim‘F1)Yl,mi1(9/,¢’).

(8.37¢)
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Further, verify

. 1 9,0 . 1 P P 19 .y
bk ‘[mwsm@ 0 S0 057 050 ?87’}}/””(9 )

=[l(l+1)—m(m—1)]Yin(¢',¢'), (8.38a)

1 0 0 1 092
L_L,: —|——= = sinf — — Yim (0
+ Lm 700 " o7 T 5o 99° a¢'2 i 6¢'} :
=[l(l+1)—m(m+ 1)} Vi (0, 6'),  (8.38D)
1 0 0 0?
Li + LYZJ : |:Sln9/ 89/ 1n91w +c t2 6/8¢ :|lem(91 ¢I)

= (10 +1) = m?] Vi (0, ¢'). (8.38¢)

8.3 Linear vector space over a complex field

Problems

1. (50 points.) (Ref. Milton’s notes.)

(a) Consider three numerical vectors, a, b, c. Show that

Xx(bxc)+bx(cxa)+cx(axb)=0. (8.39)
(b) Now consider operators A, B, C. Show that

[A,[B,C]] + [B,[C, A]] + [C,[A, B]] = 0. (8.40)

(¢) The multiplication property of the Pauli spin matrices can be written as

(o-a)(oc-b)=a-b+io-(axb). (8.41)
From this, show that
1 [h h h
s [ia-a,ia-b] = 50’-(a><b). (8.42)
(d) More generally, what is
1
g [J-a,J-b]? (8.43)
(e) Use
A*1 a B*1 b and C’*l c (8.44)
=503, =50"b, n =50 .

in the result of problem (1b) to derive the result of problem (1a).

2. (20 points.) A vector operator V is defined by the transformation property

% IV, 6w - J] = 6w x V, (8.45)

which states the commutation relations of components of V with those of angular momentum J. Since a
scalar operator S does not change under rotations it is defined by the corresponding transformation

ih (S, 6 - 3] = 0. (8.46)
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(a) Using Eq. (8.45), show that the scalar product of two vectors V; and V3 is a scalar. That is,

% [Vy - Vs, 6w-J] =0. (8.47)

(b) Using Eq. (8.45), show that the vector product of vectors Vi and V3 is a vector. That is,

1

i [Vl X VQ,(SQJ . J] = dw X (Vl X VQ) (848)

(¢) How does V7 - (V3 x V3) transform?
(d) How does V1 x (Vg x V3) transform?

3. (20 points.) Given that Vi, Vo, and V3, are operators that transform like a vector, what can you
conclude about the commutation relation of the operator

V1 . (V2 X Vg) (849)
with angular momentum J? That is,

[Vl . (Vg X V3),J] =7 (850)

4. (50 points.) For j = 1:

(a) Determine the matrix representantion for

oy Juy Iy, 4y J—,and J2. (8.51)
For example,
Gollig) Gl =1 e Glli =)
(God = ULeld gy God = UTeldgod = 1) -+ (5.5 — 1 Je1d, —5)
U =il:lg, gy G =il g = 1) - (G, =ilJ:l5, —9)
(b) Evaluate
Tr(Jy), Tr(JyJ)), and Tr(JEJ?), for k,l=ux,y,z. (8.53)
5. (20 points.) Using the properties of Pauli matrices show that
(o-n)?=1. (8.54)
Then, prove the identity
- " 0
20D = cog 3 +i(o - n)sin 2 (8.55)

where o = (04,0,,0) is a vector constructed out of Pauli matrices, and 11 is an arbitrary (numerical)
unit vector. This represents a unitary transformation due to a rotation by angle 6 about the axis n for a
spin—% particle. Show that the wavefunctions differ by a sign under a rotation of § = 27w. But, how can
physical measurements differ for rotations of § = 27?7 Show that it does not, because physical quantities
involve product of two wave functions.

6. (30 points.) Consider the construction

K(\) = e *BeM (8.56)
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in terms of two operators A and B. Show that

oK
— =[K, A]. .
= KA (5.57)
Evaluate the higher derivatives
oK (8.58)
o\ '
recursively. Thus, using Taylor expansion around A = 0, show that
A2 A3
K(\) =B+ \B, A+ g[[B,A],A] + g[[[B,A],A],A] +.... (8.59)
Then, for A = 1, we have
1 1
e “Be! = B+ B, Al + 1B, AL Al + (B, AL AL Al + ... (8.60)

This is the Baker-Campbell-Hausdorff formula.

7. (20 points.) Using the Baker-Campbell-Hausdorff formula,
1

B, AL AL A+ (8.61)

e “Bet = B+ B, A] + %[[B, Al A+

evaluate _ _
e~ n?lx Jendls (8.62)

where J;, Jy, and J;, are components of the angular momentum vector (operator), and ¢ is a number
representing an angle of rotation.

8. (40 points.) Consider the following unitary transformations,

Jo() = e et (8.63)
and _ »
Jy(¢) = e 700 J R ¥, (8.64)
By differentiating with respect to ¢, and solving the resulting differential equations, derive
Jo(¢) = Jzcos¢ + Jysing, (8.65a)
Jy(¢) = —Jpsing + J, cos ¢. (8.65D)
Further, derive _ _
Ji(¢) =e Iy and J_(¢) =€J . (8.66)

9. (20 points.) The transformation function relating the angular momentum eigenvectors between two
coordinate frames, related by rotations described using Euler angles (v, 6, ¢), is

G.m|U (v, 8,8)|j',m') = 8;;¢™ UL L (0)e™ (8.67)

where Ufyf?m, (0) are generated by the relation

= Z iy einte VT v (8.68)
VG +m) /(G —m)! ety m,m JG G =)
where
g | e cos gei% e¥ sin geﬂg "
{ﬂ} B [—ei% sin 8ei% e—i% Cosgeig] {y] : (8.69)

The above transformation function gives the probability amplitude relating measurements of angular
momentum, or magnetic dipole moment, in two different directions related by the Euler angles.
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3

(a) Extract the probability amplitudes relating measurements of angular momentum for j = 3.

(b) Extract the probabilities

p(m,m’;0) = |(j, m|U(,0,6)|j',m")|* (8.70)

relating measurements of angular momentum for j = %



Chapter 9

Spin assembly

9.1 Harmonic oscillator

Harmonic oscillator is decribed by the number operator

ne =a'a (9.1)
and the commutation relation
la,a'] =1 (9.2)
constructed out of a non-Hermitian operator a and it’s Hermitian conjugate a’. A suitable basis is the eigenbasis
of the number operator, labeled by n/, = 0,1,2,..., and characterized by raising and lowering operations
allnl) = \/nl, +1n.,), (9.3a)
alng) = v/ny|ng). (9.3b)
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Chapter 10

Angular momentum addition

10.1 Angular momentum addition
Composition of two uncoupled angular momentum J; and J; are described by the relations
J=J,+J, (10.1)

and
Jz :le +J22- (102)

They can be represented in the eigenbasis built from the product of individual angular momentum states
1, m1) o j2, m2) @, (10.3)

and in eigenbasis built from the sum of the total angular momentum states

The subscripts (D) and (2) might seem reduntant, but it is beneficial when m; and ms take on specific values. For
example, the subscripts in the state |3,1)p|1,0)e are helpful unless we specify that the first ket is associated
to the first angular momentum and the second ket is with the second angular momentum.

We shall use a shorthand notation where we supress j; and js, that is,

lj1, m1) oli2, m2)e — [M1)olme)e, (10.5a)
i1, J2; ,m) = [j,m). (10.5b)
For given j; and jo, the first individual angular momentum has (2j; + 1) states and the second individual

angular momentum has (272 4 1) states, such that the product of the individual angular momentum states have
a total of (251 + 1)(2j2 + 1) states. For given j; and js, the allowed total angular momentum states are

lj1 = Jol <7 <j1+ 2 (10.6)
so that they total
Jitij2
Z (27 +1) = (251 + 1)(2j2 + 1). (10.7)
J=ljr—72|

Problems

3

1. (20 points.) A composite system is built out of two angular momenta j; = 7,j2 = 5. Determine the

total number of angular momentum states for the composite system.
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Figure 10.1: Product of individual angular momentum states |m1)q|ma) e (in blue) versus sum of total angular

momentum states |j,m) (in red) for j; = 2 and jo = % The states on the same horizontal line in the figure

satisfy m = mq1 + mo. Each of the pruduct states in blue can be written as a linear combination of the sum
states in red on the same horizontal line.

2. (20 points.) We constructed the total angular momentum states of two spin-% systems, j1 = %, Jo = %,
by beginning with the total angular momentum state

11 11
|171>: ‘_7_> ‘_7_> (108)
2°2 o 2°2 ®

and using the lowering operator to construct the |1,0) and |1,—1) states. The state |0,0) was then
constructed (to within a phase factor) as the state orthogonal to |1,0).

(a) Repeat this exercise by beginning with the total angular momentum state |1, —1) and using the
raising operator to construct |1,0) and |1, 1) states.

(b) Investigate the property of the total angular momentum states under the interchange (D<+2). In
particular, find out if each of the total angular momentum states are symmetrical (do not change
sign) or antisymmetrical (change sign).

3. (40 points.) Let us construct the total angular momentum states for the composite system built out of
two angular momenta j; = 2, jo = %
(a) Determine the total number of states by counting the individual states,

J1 J2

> > (10.9)

mi=—j1 ma=—7j2
Repeat this by counting the number of total angular momentum states,

Jj1+j2 J

>y (10.10)

Jj=l|j1—ga2| m=-j
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Particle | |T,T5) | Q
proton L % 1
neutron |%, -3 | 0
L [1,1) 1
70 |1,0) 0
I [1,-1) | -1

Table 10.1: Isospin assignments for particles.

(b) Beginning with |5/2,5/2) use the lowering operator to build five other states with j = 5/2.
(¢) Construct |3/2,3/2) state by requiring it to be orthogonal to |5/2,3/2), and be normalized.
(d) Beginning with |3/2,3/2) use the lowering operator to build three other states with j = 3/2.

4. (20 points.) Construct the total angular momentum state |3,3) for the composite system built out of
two angular momenta j; = 3, jo = 1.

5. (20 points.) Construct the total angular momentum state |N, N) for the composite system built out of
two angular momenta j; = N and jy = 1.

6. (60 points.) Construct the total angular momentum state |1,1) for the composite system built out of
two angular momenta j; = 2, jo = 1. Investigate the property of this state under the interchange (D+<+@2).

7. (20 points.) Construct the total angular momentum state |68, —67) for the composite system built out
of two angular momenta j; = 31, jo = 37.

8. (20 points.) (Schwinger’s QM book, Prob. 3-4a.) Iso(topic) spin T": The nucleon is a particle of isospin
T = 1; the state with T3 = 1 is the proton (p), the state with T3 = —1 is the neutron (n). Electric charge
of a nucleon is given by Q = % +T5. The 7 meson, or pion, has isospin T' = 1, and electric charge Q) = T3,
so there are three kinds of pions with different electric charge: T3 = 1 (7 ™), T3 = 0 (7%), T3 = —1 (7w ™).

(Refer Table 10.1.)

Consider the system of a nucleon and a pion. The electric charge of this system is Q = % +T35. Check that

a system of charge 2, T3 = %, is p4+7 T, according to the isospin assignments. Now, if the system is in the

state T' = %, T3 = %, what is the probability of finding a proton? What is the accompanying m-meson?
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Chapter 11

Perturbation theory

11.1 Solutions to algebraic equations

1. (30 points.) Find the two roots of the quadratic equation
ex? —24+1=0. (11.1)

Show that the series expansion of the roots in the variable € are

1+e+0(e)?,
z=14 (11.2)

Let us treat the quadratic equation in Eq. (11.1) as a perturbation to the trivial equation
xo =1, (11.3)

obtained by setting e = 0 in Eq. (11.1). To find the roots to the leading order in the perturbation parameter
€ we use the ansatz

x =z + aje + O(e). (11.4)
Substitute Eq. (11.4) in Eq. (11.1) to show that a3 = 1. Thus, we learn that
r=1+¢e+0(e)? (11.5)

which is indeed one of the root, to the leading order in e. What about the other root? To this end, let us
make the change of variables using the substitution

z= g (11.6)
Show that this leads to the quadratic equation
y? —y+e=0. (11.7)
The unperturbed equation, obtained by setting € = 0, is
Yo — 4o =0, (11.8)
whose roots are yp = 0,1. Use the ansatz
Yy = yo + bre + be” + O(e)? (11.9)
to derive
1 b?

b1

— by = . 11.10
1—2y" °  1-2y ( )

Thus, reproduce the results in Eq. (11.2), this time using the techniques of perturbation theory.
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(a) Using the ideas described above find the three roots of the cubic equation

exd —x+1=0, (11.11)
to the leading order in €.
Solution:
1+e+0O(e)3,
T = 1 1 (11.12)
+— — -+ 0(Ve).

N
(b) Using the ideas described above find the five roots of the quintic equation
ex® —x+1=0, (11.13)

to the leading order in £. Abel’s impossibility theorem rules out algebraic solutions to general quintic
equations. Verify your solutions for ¢ = 0.01,0.001,0.0001, say using Mathematica. Most often,
when a system is disturbed by a small perturbation (parameter ) the solutions converge to the
unperturbed solutions for smaller ¢’s. Is that the case here?

Solution:
1+¢e+0(/E)1,
_ 1 D UL ST
yO—O,:Izl,:I:Z, bl— 1_75%1, T = 5% 4 ’ (1114)
) 1
+L 240t
c1 4

2. (20 points.) Consider the eigenvalue problem for a Hermitian matrix A,
AlATy = A'|AT), (11.15)

where |A’) form an orthonormal set of eigenfunctions. Variation, with respect to an arbitrary parameter,
0 A in the operator leads to the relation

SA|A"Y + AS|A’Y = §A'|ATY + A'S|A"). (11.16)
(a) Thus, derive the variation in the eigenvalue A’ to be given by

SA' = (A|5A|A), (11.17)

(b) and the variation in the eigenfunction 6|A’), given in terms of its projection on the original eigen-
functions, to be
(A"|5A]A")

(s (A = S0

A £ A" (11.18)

In particular, we can express the variation in the eigenfunction in terms of the original eigenfunctions as

S|A) = A" (A| (5]A)) . (11.19)
AN
Further, since
§(A'|A") =0, (11.20)

one chooses

(A'ls (j147) = 0. (11.21)
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3. (20 points.) Show that the matrix
A < cos s1n6‘) (11.22)

—sinf cos6

0 and the corresponding eigenfunctions

ALY = % (1) and | AL) = % (_12> . (11.23)

has eigenvalues A} = e% and A) = e~

Consider the perturbation

A+5A—( cosf s1n9)+a<—s1n9 cosf ) (11.24)

—sinf cosf —cosf —sinf

Determine the eigenvalues and eigenfunctions of A+ § A to the leading order in «.
Solution: Eigenvalues:

AL+ 0A = (1 +ia)e™™ AL+ 0AL = (1 —ia)e™, (11.25)
Eigenfunctions: §|A}) = 0]A45) = 0.
4. (20 points.) Consider the unperturbed Hamiltonian to be
H=wl., (11.26)

where J is the angular momentum. Let j = 1/2. Further, choose units such that w = 1. Consider the
perturbation
H+60H=J,+ ad,;. (11.27)

Determine the eigenvalues and eigenfunctions of H + §H to the leading order in «. Further, verify that
the eigenfunctions are orthonormal upto the leading order in a.
Solution: Eigenvalues: 6H] = ¢H) = 0. Eigenfunctions:

) +314) = [+) + 1), (11.28)
a
=) +dl=) = =) = 5+ (11.29)
5. (20 points.) Consider the operator
N = Oy, (11.30)

and the same operator with a perturbation
Y=7+0y=0s+e€o0.. (11.31)

(a) Find the eigenvalues of the operator v to be 4/ = +1, and the respective eigenvectors to be

1 1
/ ! / /
=4)=|o,=4) = —|o. =+) + —|o. = —), 11.32a

SRR SNV SR

(b) Determine the eigenvalues of ¥ to be

A =1+ €2 (11.33)
and the respective eigenvectors to be
|5 = +) = +cos %|U; =+)+ sin%|0; =-), (11.34a)
¥ =-) = —sin%|0;=+>+cos%|0; =-), (11.34b)
where
1

tana = —. (11.35)

€
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(c) Determine the eigenvalues to order € to be

3 =41+ 0(e)?, (11.36)

and eigenvectors of 4 to order € to be
5 =+ = =+) - 51" = =) + 0, (11.37)
7 =)= = =)+ 51" =+) + 0> (11.37b)

Hint: Show that

1+e2+e 1 ( €
cos — = ~— |1+ —) , 11.38a
21 + €2 2 2 ( )

/ 2 _

sn = Vit 1 (1 - f) (11.38b)

2 2v1 + €2 2 2

(d) Show that

s =4 = =), (1139
oy = =) =~y = 4. (11.:390)

(e) Determine the eigenvalues and eigenvectors of 7 to order e using perturbation theory. Compare your
results with the results above.
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Hydrogen atom

12.1 Classical hydrogen atom

Problems

1. (20 points.) An ellipse is defined as the locus of all points whose distance from a line (the directrix) and
distance from a point (the focus) are such that the ratio of the distance to the focus to the distance to
the directrix is a constant (the eccentricity). Let us choose the focus to be on the z-axis with coordinates
(—7,0). Let us choose the directrix to be parallel to the y-axis and passing through the point (—d,0).

(z,y)

Figure 12.1: Ellipse

(a) Show that the definition of ellipse corresponds to the equation
(@ + /) +y* =z +d)?, (12.1)

where ¢ is the eccentricity.

(b) Identify the points (+a,0), and (0,b), on the ellipse, in terms of the semi-major axis a and semi-minor
axis b of the ellipse. These points correspond to the relations

(a+ f)? = e*(a+d)?, (12.2a)
(—a+ f)? = 2(—a+ d)?, (12.2b)
2+ = 2d2 (12.2¢)

Thus, derive the defining relations for the focus f, the directrix d, and the eccentricity ¢, in terms of
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a and b to be

f=va? -0 (12.3a)
2

2

a a
Va2 — b2
el Y@ b (12.3¢)
a a
(¢) Rewrite the equation of an ellipse as
2?2
o) + i 1. (12.4)

2. (20 points.) The equation of an ellipse in Cartesian coordinates, when the center of the ellipse is chosen

as origin, is given by the equation
2?2
2te=1
a b2
where a is the semi-major axis and b is the semi-minor axis. The equation of an ellipse in polar coordinates,
when the one of the foci is chosen as the origin, is given by the equation

70
) = ———— 12.
r(0) 1 —ecosf’ (12.6)

(12.5)

)

where 7( is the semi-latus rectum and € is the eccentricity of the ellipse.

el

/9«"
\

Figure 12.2: Ellipse

S~

(a) Show that
r(0) —i2-7°(7r) = ioEQ. (12.7)

(b) Observe that for the point on the ellise representing the semi-minor axis we have r cosflp—p, = f
and () = a. Thus, show that
o
b= —. 12.8
T (12.8)
(¢) Further, show that
f=r0)—a= % (12.9a)

d=% _ 17“70 (12.9b)
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. (20 points.) Verify that

LxL — O ?n classical mechani?s, (12.10)
thL in quantum mechanics.
What about p x p? In general, if
1
—|A,B|=C 12.11
Liam)-c 211
where A and B are vectors and C is a tensor, express
V=AxB+BxA (12.12)

in terms of C.
Hint: Use index notation.

. (20 points.) Show that, if r and p are Hermitian, the operator construction for angular momentum

L=rxp (12.13)

is also Hermitian. Show that the symmetric construction

L= %[(r xp)+ (rx p)q (12.14)

is also Hermitian. Evaluate the measure of non-commutativity of the angular momentum operator by
evaluating

1

5 [(r % p) — (r p)q. (12.15)

. (20 points.) The components of the position and momentum operator, r and p, respectively, satisfy the

commutation relations [r;, p;] = ihd;;. Verify the following:

(a) rxp + pxr=0.

(b) r-p — p-r=3ih

(©)

(d) rx (rxp)=rp-r—pr?+ihr.

(a-r)(b-p)—(b-p)(a-r) =ih(a-b), where a and b and numerical.

. (10 points.) The components of the position and momentum operator, r and p, respectively, satisfy the

commutation relations [r;, p;] = ihd;;. Evaluate
r’p—pri. (12.16)

(20 points.) Evaluate the commutation relation between 1/r, the inverse of the magnitude of the position
operator r, and the angular momentum operator L,

EL] (12.17)

which is encountered, for example, in the analysis of hydrogen atom.

. (20 points.) Using commutation relations between r, p, and L, verify the following;:

p XL + L x p = 2ihp.

r

)
)

(c) —pr-£=L2l=%L2.
)
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. (20 points.) Verify the following equation of motion for the hydrogen atom,

1 Zer
=— 12.18
lp H] = 25 (12.18)
where the Hamiltonian is ) )
Z
o= 2% (12.19)
21 r
(20 points.) Verify that the axial vector,
r 1 1
A=-———— L-L 12.20
a3 L-Lxp) (12.20)
satisfies
A L=0 and L-A=0. (12.21)
(10 points.) Using commutation relations between position r momentum p, verify the relation
r-p—p-r=cih, (12.22)

where ¢ is a number. Determine c.

points. sing commutation relations between position r, linear momentum p, and angular momen-
30 points.) Using i lations b iti li t d angul
tum L, verify the relation

pxL.-p=cihp? (12.23)

where ¢ is a number. Determine c.

(30 points.) Using commutation relations between r, p, and L, verify the relation

p xL.p=2ihp? (12.24)
Thus, verify that either of the three equalities for
1
M:—§(p><L—L><p):—p><L+ihp:L><p—ihp (12.25)
leads to
M? = (L* + h?)p*. (12.26)
This ensures that either of the following three expressions for the Axial vector
. 1 1
A=r—lu282§(p><L—L><p) (12.27a)
1 ih
=r— L+ — 12.27b
P AP x Lt TP ( )
1 ih
=T L — 12.27
Pt Zal X P osP ( c)
leads to (124 w2y
2(L° +
AP=14+" 12.28
+ /L22€4 ( )
After using the Bohr quantization condition L = n’ A, where n’ = 0,1,2,..., and presuming that the orbit

is a circle that has eccentricity A = 0, Eq. (12.28) leads to the energy levels predicted by the Bohr model,

nZ2%et 1
2 2n?’

Show that the (classical) analysis of hydrogen atom, (that does not accommodate the Heisenberg uncer-

tainty relation contained in the commutation relations between r and p,) in addition, admits the n = 0
energy state which permits orbits of vanishing radius.

H=— n=123,.... (12.29)
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14. (20 points.) Consider the Hamiltonian

»

H:
2p

+V(r). (12.30)

Under what conditions is » = |r| a conserved quantity? Describe the path of motion when r is a conserved
quantity.

15. (50 points.) (Let & = 0. That is, we are discussing a classical hydrogenic atom.) The Hamiltonian for a
hydrogenic atom is

2 2
p Ze

The Hamiltonian H, the angular momentum L = r x p, and the axial vector A, are conserved quantities
for a hydrogenic atom.

(a)

()

Show that
puZe?
W = T2 A xL (12.32)
is also a conserved quantity. That is, show that dW/dt = 0. Thus, together, the vectors L, A, and
W, form an orthogonal set that remain fixed in time. Show that the vector W can be expressed in

the form

uze? .
W=p+ T2 X L. (12.33)
Further, show that
A
W= uZe2f. (12.34)

Determine the components of the momentum p along these orthogonal vectors by evaluating (p - L),
(p-A), and (p- W). Thus, construct the momentum p in the form

p=@p L)L+(p-A)A+(p-W)W. (12.35)

Hint: Show that )

p-L=0, p-A=p-i p-WZ%—i—uH. (12.36)

It is well known that the position r traverses an ellipse about the origin. This is the content of
Kepler’s first law of motion. Show that the momentum p traverses a circle about a fixed point pg.
That is, show that the momentum p satisfies the equation of a circle,

Ip —Pol = ¢. (12.37)

Hint: Rewrite the expression for (p - W) inthe foomp-p—2p- W+W -W =W?2—-2,H.

Determine the vector pg representing the center of this circle, and find the radius ¢ of this circle.
Verify that the center pg is a conserved quantity.
Solution: pp = W and q = uZe?/L.

Show that when the position r traverses a circle (A = 0) the center of the circle traversed by
momentum p is the origin.

16. (110 points.) The Hamiltonian for an hydrogenic atom is

2 7 2
= 2% (12.38)
21 r
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The eigenvalue equation for the hydrogenic atom is

where H' = E,, are the eigenvalues of the Hamiltonian H. Projecting the above eigenvalue equation
on to the position basis we obtain

(r|H|E,) = E,(r|E,). (12.40)
The projection of the energy eigenfunctions |E,) on to the position basis
Un(r) = (r|E,). (12.41)

are defined as the hydrogenic wavefunctions. Starting from Eq.(12.40) show that the hydrogenic
wavefunction satisfies the ‘time-independent Schrodinger equation’

W, Ze? B .

The effectively involves the substitution

h
p=-V (12.43)

in the Hamiltonian.

We shall confine our discussion to bound states (E, < 0). Define

_ uZz 2et 1 _ h?
E, = 57 and ag = R (12.44)
later being the (first) Bohr radius. Thus, derive
27 Z% 1
V2 + 22 ) (1) = = —a, (r). 12.45
(74 22 ) (6) = 23 ) (12.45)
The Laplacian in spherical polar coordinates is
10 ,0 1 1 0 9] 1 02
2 2 .
==—r"—+ < |——=—sinf—+ ——— | . 12.46
2o or T (sin9 26" 96 T 5o a¢2> (12:46)

Since angular momentum is a constant of motion we can expand the wavefunctions in the form

1/}n(r) = Z Z Rnl(r)}/lm(ov(b)v (1247)

where the spherical harmonics satisfy

L 9 sin OE + L8_2
sin 6 06 90 sin® 0 0¢?

L*Y),,(0,0) = —h? ( ) =R+ 1)V (0, 6). (12.48)

Thus, derive the differential equation for the radial part of the wavefunction as

1d ,d I(1+1) 272 22
-7 - 4+ — — R, =0. 12.49
|:’I“2 dr' dr 72 + apr  agn? () ( )
In terms of the dimensionless variable
27
z=2" (12.50)
ao
derive 2 p " )
2 +1 1 1
— +—— - - — R, =0. 12.51
[dac? x dx x? x (2n)2] (@) ( )
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()

For x > 1 argue that we have

d> 1
[@ - W} Rui(x) = 0. (12.52)

Solve this equation to learn the asymptotic behaviour of the radial wavefunction to be
Ru(z) ~e 2 for x> 1. (12.53)

For x < 1 argue that we have

[1 d od _Ul+1)

g ) Ru) =0 —

Solve this equation to learn the limiting behaviour of the radial wavefunction to be

Roi(x) ~ ! for z < 1. (12.55)

Use the above limiting forms to define
R (z) = 2'e™ 2 L(x), (12.56)

and derive, in terms of
x
== 12.57
y=_ (12.57)
d—2+{(2l+1)+1— }i—l—(n—l—l) L(y)=0 (12.58)
Y Qv y) =0. :

Compare this to the differential equation satisfied by the Laguerre polynomials, LS{X) (y), the Laguerre

equation,

&2 d N
[y_dyz oatl-yho+ n} LM (y) =0. (12.59)
Thus, derive
l
27r\' _ z 27
Ry(r) =N (—T> e~ oo L) (—T) : (12.60)
nagon nagp

where NN is a normalization constant.

The normalization constant N is, in principle, determined using
/ r2dr| Ry (r)|* = 1. (12.61)
0

Verify that, the above statement does not, immediately, lead to the orthogonality relation for Laguerre
polynomials,

/ e 2% " L (2) LY () = G W (12.62)
0 !
Let us derive the Hellmann-Feynman theorem. Consider the energy eigenvalue equation

[H(A) = EN]IE, A) =0 (12.63)
and its adjoint

(E,N[H(X) — E(\)] =0. (12.64)

Differentiate with respect to A:

(‘Z_]f — %_il> |E,\) + (E — H)|E,\) =0, (12.65)



76

CHAPTER 12. HYDROGEN ATOM

and multiply with (E, A| to obtain

OH OH OF
(Ga) = ENGIEN =52, (12.66)

which is the statement of the Hellmann-Feynman theorem.

(j) Use the Hellmann-Feynman theorem, by regarding A as Z, in the hydrogenic atom to evaluate

<1>n = /Oor2dr%|Rnl(r)|2 _— (12.67)

r o agn?’

(k) Use the orthogonality relation of Laguerre polynomials in Eq. (12.62) in Eq. (12.67) to derive the

normalization constant N as
3
2 (Z\? [(n—1-1)
N=—|— - 12.68
n? (ao) (n+1)! ( )
Thus, derive the radial part of the hydrogenic wavefunction

3 !
2 — -1\ r
Rour) = (Z> ool 1) (_227«) e L (—2ZT>. (12.69)

n2 \ag (n+1)! nag nag

17. (50 points.) In this problem we shall construct the ground state of a hydrogenic atom, |100). For the

ground state, n = 1, we have j; = 0, jo = 0, which corresponds to [ = 0, m = 0. Thus, we conclude
JWI00)=0 and  IP|100) = 0, (12.70)

which implies
L|100) =0 and A|100) = 0. (12.71)

Show that, in conjunction, these equations imply

r ihp
r 100) = 0. 12.72
(3+ 5% ) oo (12.72)

(a) With the goal of finding the projection of the ground state in the position basis, the wavefunction

(r[100) = t100(r), (12.73)
we identify the Bohr radius
ao = uh_; (12.74)
to rewrite Eq. (12.72) in the form
(; + %%p) 1100) = 0. (12.75)

Show that the projection on the position basis leads to the differential equation for the wavefunction
r ap
z —V) = 0. 12.76
(r +— Y100(r) ( )

Thus, determine the normalized ground state wavefunction to be

Y100(r) = % (%) ’ e %, (12.77)
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(b) With the goal of finding the projection of the ground state in the momentum basis,

(p[100) = ¥100(P), (12.78)
we identify the wavevector corresponding to the Bohr radius, kg = 27/ag, and the related Bohr
momentum 5

= 12.79
Po a0 ) ( )
to rewrite Eq. (12.72) in the form

r ip

-+ —=—]1{100) = 0. 12.80

(2+52 ) noo) (12:80)
Use the Hamiltonian to interpret
1 (v* + Z°p3)
—|100) = ————=|100 12.81
~1100) = L 0o). (1281)
and show that
[r(pQ 220 + 2ihp} 1100) = 0. (12.82)

Show that the projection on the momentum basis leads to the differential equation

0 4p B
(@ + m) Y100(p) = 0. (12.83)

Thus, determine the solution

> /22
Po (12.84)

Y100(P) = TR+ 2R

(c) Evaluate the Fourier transformation
1/)100(1)) = (27Tﬁ)7% /dgr ef%p'r ¢100(r), (1285)

and verify that this is indeed equal to the result in Eq. (12.84).

(d) Evaluate the inverse Fourier transformation
ion(r) = (20) [ @B AP va(p) (12.56)

and verify that this is indeed equal to the result in Eq. (12.77).
Hint: Use the integral
< xdx . Ta _,
A m smmaxr = Ie . (1287)

18. (50 points.) In this problem we shall construct the eigenfunction ¢, n—1,,-1(r), known as circular
Rydberg states.

(a) Since |n,n — 1,n — 1) is in the highest possible [ and m, we have
JPmn—1,n-1=0 and JPn,n—-1n—-1)=0. (12.88)
Thus, conclude that

Liln,n—1,n—-1)=0 and hmAyn,n—1,n—1)=0. (12.89)



78

(b)

CHAPTER 12. HYDROGEN ATOM

Show that

(px L)y = —ipy L. +ip. L. (12.90)
Use this in the equation for A, in conjunction with the equation for Ly, and L.|n,n —1,n—1) =
(n—1)|n,n —1,n — 1), to obtain

T4 ihn
(7 - uZerJr) |n,n—1,n—1) =0. (12.91)
Project this into the position basis to obtain the corresponding differential equation
T+ 1y nag (0 .0
= 4= nn—1n_1(r0,¢) =0. 12.92
() + 2 ()| oot (1292

Since the state |n,n — 1,n — 1) is an eigenstate of L? we can write the wavefunction in the form

Unn-1.n-1(r,8,8) = Ra(r)Ya-1.0-1(6,9). (12.93)

Using the definition of spherical harmonics,

s (2041 [(I+m)! 1 d \'"" (cos?6 — 1)
_ ,imo
Yim(0,9) = e v \/ (I —m)! (sin @)™ (dcos@) 24! ’ (12:94)

show that
T+ 1y nt
Yi—1n-1(0,¢) ~ ( " ) . (12.95)
Thus, construct the eigenfunction to have the form
Unn-10-1(r,0,9) = (z +iy)" " fu(r). (12.96)
Show that [r1,p+] = 0, and using this derive
nag 0
1+ —— | fu(r)=0. 12.97
(147505 ) 50 (12.97)
Show that .
fn(r) =Ce 7o, (12.98)
where C' is a normalization constant. Thus, derive
Unm1n1(r,0,¢) = C(rsin fe'®)" e~ was . (12.99)
Requiring
/d3r|wn,n—l,n—l(r7 97 ¢)|2 = 17 (12100)
which involves the integral
1 1
I = 5/ dt(1 —t?)!, (12.101)
-1
determine the normalization constant (upto a phase) to be
3 n—1
2 (Z\? (27 1 1
Cl=—=|— — . 12.102
€] n? (a()) (nao) Var 2 (n —1)! ( )
Hint: Evaluate I; using integration by parts to notice
21
I =—1I_ 12.103
oyt ( )
and iterate this relation to yield
I, = (20 (12.104)
TRl '
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(f) Verify that the solution is indeed
wn,n—l,n—l(ra 97 (b) = Rn,n—l (T)Yn—l,n—l (97 ¢) (12105)
(20 points.) Derive the relation

RYA dX
Hy=-— A+ — 12.106
riip 4 + dt ) ( )

where 1 3
X:—g(rxL—Lxr)—l-Zihr. (12.107)

Take the time average and give the physical interpretation of this equation in classical mechanics.

(20 points.) A mass m oscillates about an equilibrium point with angular frequency w. This motion, the
harmonic oscillator, is described by the Hamiltonian

2

1
Ho(z,p) = 2p—m + gmu’a?, (12.108)

in conjunction with the Heisenberg relation [z, p] = ihi. Let us chose our units such that m=1 and w = 1.
The above Hamiltonian takes the form

1
Hy = (yTy + 5) h (12.109)
in terms of the operators
x+ip = V2hy, (12.110a)
x—ip = V2hyl. (12.110b)

The harmonic oscillator is characterized by the algebra [y, yT] = 1. The eigen basis set |n’) of the harmonic
oscillator satisfies the eigenvalue equation

ylyln'y =n'ln), 0/ =0,1,2,.... (12.111)

Let us place a charge g on the mass m, such that it interacts with a weak electric field E. We choose the
direction of the electric field E to be in the direction of the oscillations of the mass. The Hamiltonian of
the oscillator in the presence of the electric field is described by

H = Hy—qEx. (12.112)

In the presence of the electric field the oscillator ceases to stay in a stationary state |n’), and makes
transitions to another state. These transitions are described by the matrix elements

(n"|H|n'). (12.113)

Find a selection rule that states which elements in the above transitions are not zero.

Hint: Use equations of motion
dF 1

S = [ H. (12.114)
Solution:

dw 1 I " " ! - " !

pri E[w,HO] =p = (0 =n")(n"|z|n") = i(n"|pn'}, (12.115a)

d, 1

d—f = —[p.Hol ==z = (' = n"){n"pln’) = i(n”[aln’), (12.115b)
which, together, implies the selection rule

n —n' =+l (12.116)

Comment: Students tend to do this the brute foce way, which is okay.
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Chapter 13

Scattering in quantum mechanics

13.1 Problems
1. (20 points.) Verify, by substitution, that

1 eik\rfr'| efik\rfrw

N=——1A4 B 13.1
Go(r,1') 47 |r — /| + [r — /| (13.1)

with the constraint A + B = 1 is a particular solution to the Green’s function equation

(V2 + k2] Go(r,v') = 6P (xr — 1'). (13.2)
Hint: Prove that 1 1
i v 2 — 5@ (r_ ¢ 1
ppy P 0 (r—r'). (13.3)

2. (20 points.) Verify, by substitution, that

G(r) = - (13.4)

4y

is a particular solution to the Green’s function equation
(V2 + k%] G(r) = 63 (x). (13.5)
3. (20 points.) Consider the Schrédinger equation

—h—2v2 +V(r,t)| w(r,t) = ihgz/z(r t) (13.6)
2m ’ R TR '

(a) Derive the statement of probability conservation (continuity equation),

%p(r,t) +V - j(r,t) = s(r, ), (13.7)
where
plr,t) = |o(r,0))%, (13.8)
i(r,t) = % [V (r, )V (r,t) — (r, t) Vi (r, 1], (13.9)
s(r,t) = %[Im Vi, t)] v, b)) (13.10)

81
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b) For a time-independent potential the scattering wavefunction can be expressed in the form, after
g
replacing 1 (r,t) — et/ (r),
" eikr
Yoo 1) = ™7 4 £(8,6) . (13.11)
Construct the continuity equation for the above scattering wavefuntion. Then, after integrating over
a large sphere (r — 00), derive

. s _ T 3
rlggo ds - j(r) rlggo d’r s(r). (13.12)
(¢) Show that
hk [T ’r 4Arh
lim ¢ dS-j(r) = E/o sin0d9/0 do | £(0, )| - % [Im £(0)]. (13.13)
(d) Thus, derive the optical theorem,
4
Oscatt. T Oabs. = ? [Im f(o)] y (1314)
where
™ 2m
Oscatt. = / sin 9d9/ do|f(6,9), (13.15)
0 0
2
T, = = Jim 2 [l V) o) (13.16)
4. (20 points.) Consider a scattering process that involves an incident plane wave of energy E = % = %,

moving in the positive z direction, interacting with the potential of an inverted finite spherical well of
radius a

V, r<a,
V') = {0 o (13.17)

The leading order contribution to the scattering amplitude, for this process, in the eikonal approximation
(small angle large momentum) is

FO @) = * / badb Jo (kbO) [eix@ - 1} , (13.18)
tJo
where
o k > / /
x(b) = 2 | dz'V(b,2"). (13.19)

Here b is the magnitude of the coordinate r’ in the plane perpendicular to the direction of z,
r' = bcosd'i+ bsin¢'j + 'k, (13.20)
and the coordinate t represents the position of the detector,
# = sin 0 cos ¢i + sin 6 sin ¢j + cos Ok. (13.21)

The process is independent of ¢ and ¢’ because of the azimuthal symmetry in the potential. Evaluate
x(b) for the process.
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5. (20 points.) For potentials that are independent of ¢ the axial symmetry allows us to write the leading
order contribution to scattering amplitude in the eikonal approximation (small angle large momentum) as

FO @) =k / badb Jo (kb6) [eiX(b) - 1} , (13.22)
tJo
where L -
x(b) = ) dzV (b, z). (13.23)

(a) For potentials that have no imaginary parts show that the optcal theorem takes the form

T 27
4
s, = [ sinbdb [ do|(0,0) = °F [tm F(0)]. (13.24)
0 0
(b) Using the second equality in Eq. (13.24) verify that
o b
Oscatt. = 87T/ bdb Sin2 [%] . (1325)
0

(¢c) Using the first equality in Eq. (13.24) and arguing that small angle approximation is represented by
the range of integration 0 < 6 < V/E show that

o) [e%s) ) ) , %

ecntt, = 27k / badb / b’ {ew(b) - 1} {eﬂx@ ) — 1} / 0d0.Jy (kb0) Jo(kb'0).  (13.26)

0 0 0

(d) Show that in the limit
ka% — 00 (13.27)
the optical theorem, which is the statement of probability conservation, is satisfied. Hint: Use

o o

/ adzJo(tz)Jo(t'z) = M. (13.28)
0
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Chapter 14

Dirac equation

14.1 Clifford-Dirac algebra

1. (20 points.) An arbitrary 2 x 2 matrix M with complex numbers as elements can be expressed as a linear
combination of Pauli matrices o and the identity matrix in the form

M=a+a-o. (14.1)
Show that the coefficients ap and a satisfy the relations

tr(M) = 2ay, (14.2a)
tr(Mo) = 2a. (14.2b)

As an illustration, write

oloioh = AUk 4 Biik, o™ (14.3)

3

and determine the coefficients A%* and BWk,,.

2. Quaternions are extensions of complex numbers, like complex numbers are extensions of real numbers. A
quaternion P can be expressed in terms of Pauli matrices as

P=qgy—ia-o. (14.4)

(a) Show that the (Hamilton) product of two quaternions,

P =ap—ia-o, (14.5a)
Q=by—ib-o, (14.5b)

is given by
PQ = (agbp —a-b) —i(agb + bpa+a x b) - o. (14.6)

(b) Verify that the Hamilton product is non-commutative. Determine [P, Q}.
Solution:
[P,Q] = —2i(axb)-o. (14.7)

3. Clifford-Dirac algebra

(a) Let 8 and of, where i = 1,2, 3, be four matrices that obey the algebra
1. .. g .
g% =1, 5{o/,oﬂ} = 6% {B.a'} =0. (14.8)

85
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Deduce the trace identities

tr(B8) = 0, (14.9a)
tr(af) = 0, (14.9b)
tr(Ba’) = 0. (14.9¢)
(b) Define the Dirac matrices v*, where u = 0, 1,2, 3, using the definitions
W=B, 4 =pal, (14.10)
i. Using Eq. (14.8), show that the algebra of the Dirac matrices is given by
1 T % g
5{7 Y } =—g (14.11)
ii. and the corresponding trace identities are contained in the relation
tr(y#y") = —4gM”. (14.12)
(c) Define the matrix
R A G (14.13)

i. Deduce the following algebraic properties

n=-1  {¥w}=0 (14.14)

ii. and the corresponding trace identities

tr(ys) = 0, (14.15a)
tr(ysy*) = 0, (14.15b)

tr(y2) = —4. (14.15¢)

iii. Further, verify the trace identity
tr(y*v"vs) = 0. (14.16)
(d) i. Show that
tr(y#y"~v%) = 0. (14.17)
Hint: Introduce 42 = —1 inside the trace, and use the cyclic property of trace.

ii. Show that the trace of odd number of v* matrices vanishes.
iii. Show that
tr(v#" ) = 4(g" g™ — 9" g + 9" g ). (14.18)
(e) Define the matrices
1

5 (7" (14.19)

The components of o comprise the six ways of multiplying together two different v* matrices.

ot?

i. Verify that o*¥ is antisymmetric under the interchange of indices u and v.
ii. Show that
% = iak. (14.20)
iii. Show that

ol — _%[ i od] = eikyk, (14.21)

with the last equality serving as the definition of *.
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iv. Combining the commutation and anti-commutation relations for v# matrices, deduce the relation

Yy = =gt —iot,
which is the generalization of the corresponding relation for Pauli matrices
ool = 69 4 igkgk,

v. Derive the algebraic properties

[yt o) =
{r5,0"} =
.
vi. Derive the trace identities
tr(a"”) = 0,
tr(a™y%) = 0,
tr(c"’v5) = 0,
tr(0"o®?) = 4(g"g"" — g"7¢"*)
(f) Define the matrices
(17" 7s).

(14.22)

(14.23)

(14.26)

The components of (iy*~5) comprise the four ways of multiplying together three different v* matrices.

i. Derive the algebraic properties

(v @)} =

{75, (i7" 75)} =
{Ua a(Z”YV%)} =
{(iv*s), (V") } =

ii. Derive the trace identities

tr(iv"ys)
tr((iy"ys)7*)
tr((iv"y5)7s)
%)

)

(6%

tr((iy"vs)o®
tr((iv"7s) (i7" 5)

I
ppouooo

iii. Further, in the trace identity
(15777 7) = e’
find c.

14.27a
14.27b

( )
( )
(14.27¢)
( )

(g) An arbitrary 4 x 4 matrix M with complex elements can be expressed in terms of the 16 independent

matrices above 1
M =a+byy" +cys + dyiytys + iewa‘“’.

Using the trace identities show the coeflicients are given by

tr(M) = 4a,
tr(M~%) = —4b°,
tr(Mnys) = —4c,
tr(Mivys) = 4d*,
tr(Mo®?) = 4e°”.

(14.30)
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4. Express the matrix

v, o

Yy
in terms of the 16 independent matrices above.
Solution:

po v

v Z. v N
LA e e i *pir 5.

14.2 Free particle

1. (20 points.) A free particle is described by the Hamiltonian
H = a - pc+ Bmc?.
Starting from the above equation derive the Lorentz covariant form of Dirac equation
VP +me =0,
where v = (1°,7) = (8, fax) and p* = (E/c, p).
2. (40 points.) A free particle is described by the Hamiltonian
H =a - pc+ Bmc?.

Derive the following equations of motion:

ar _ ac
a
dp
+ _0
dt ’
ihdo ) 9
T —iX X pc + afmc?,
thdp
S q Ba - pe.
Derive the relations
dL
E:axpc, where L=rxp,
d (h i
— | =X | = —a x pg, where Ez—laxa,
dt \ 2 2
dJ h
E = O, Where J:L+§2,
which unambiguously indicates the existance of the Spin. Further, deduce
d
Z(2-p)=0
7(Zp) =0,
d (h .
o7 (§E~L> = —ca - (p x L) + ihca - p,
dK
T 0, where K =82 -L+h).

3. (40 points.)

(14.32)

(14.33)

(14.34)

(14.35)

(14.36)

(14.37a)
(14.37b)
(14.37¢)

(14.37d)

(14.38a)

(14.38b)

(14.38¢)

(14.39a)

(14.39b)

(14.39¢)

(a) The momentum of a non-relativistic classical (non-quantum) free particle of mass m is related to it’s

velocity by the relation

(14.40)
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(b)

Show that the momentum of a relativistic classical (non-quantum) free particle of mass m is related
to it’s velocity by the relation
pc
= —_— 14.41
VT E/ (14.41)

where E? = p2c? + m2ch.

Let us denote a time derivative with a dot over the respective variable. The ‘velocity’ of relativistic
quantum free particle of mass m is ac, as per the equation of motion

I = ac. (14.42)

Derive the equation of motion
iha =2pc —2Ho = —2pc + 2aH. (14.43)

Derive the equation of motion
thae = —2Ha = 2&H. (14.44)

The ordering of H matters because the Hamiltonian does not commute with ¢é(¢).
Integrate to yield

a(t) = e 7 e (0) = qu(0)e R Y, (14.45)
where &(0) is a constant and thus commutes with the Hamiltonian. Verify this solution by differen-
tiating it with time.

Integrate again to derive the relation between momentum and ‘velocity’,

- |

ca(t) = I;;/CC + %a(())eﬂ%tﬂfl (14.46a)
pc  the ;. J2H

S . 14.46b

= a0 (14.46)

The frist term relates to the classical relativistic formula. The second term oscillates with a frequency
of 2H /h, which is at least 2mc?/h. Evaluate this frequency, for an electron, in units of radian/second.
This oscillatory part of the motion is called Zitterbewegung. For comparison, the plasma frequency
associated with oscillations in electron density inside a conductor is about 106 radian/second.
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Chapter 15

Graphene

15.1 Number density for thin films (electron gas model)

To describe the electrons (in the electron gas) in a slab, we consider the energy states of a particle confined in
a slab of thickness d and infinite in extent along the z-y directions using the Schrédinger equation

R [ 02 82 0?
The confinement of the particle inside the slab requires the proability flux to be zero on the walls,

JRCONERY

z=0,d

=0. (15.2)
z=0,d

9 .
Y

The above condition can be satisfied by either requiring Dirichlet boundary condition (¢ = 0), or requiring
Neumann boundary condition (9v¢/dz = 0) on the wavefunction at the walls. But, Dirichlet boundary conditions
are over-imposing because it does not allow surface charges on the slabs. Thus, we rule out Dirichlet boundary
condition and impose Neumann boundary condition on the particles. Fourier transforming in the z-y directions

we have )

hQ
Buko,ky) = 5— {k2+k2+n %] n=01,2,.... (15.3)
Unlike Dirichlet condition n = 0 state is not excluded when Neumann boundary conditions are imposed.

The total number of electrons in the slab is equal to twice the sum of occupied energy levels. In terms of
the maximum occupied energy level at zero temperature, termed Fermi energy Er, we can thus write

ot (BR) ° dk, dky
Y i dZ/ / 0(Er — By (ks ky)), (15.4)
where the factor of 2 accomodates two electrons in each state. Observing the facorization
Ola—xz—y)=0(a—z—1y)(a—x) (15.5)

allows the separation of the variables in the form

niot (EF) 1 /00 dk,, /°° dky , o, S hr?
= 92289 —n?—= - —k — 15.
T T L,d dn; (F ”2 d2> Br =gk =iy @) (156

1 & B2 w2 2mE s 2
= — 9 E — 2__ j 2 1 °
omd &~ < F n2md2)[ 12 d?] (15.7)
00 [N]
™ e
=55 D> (N? = n?)(N? - n?) = 5P (N? —n?), (15.8)
n=0 n=0
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N/ _hpd 2 15.9
h2m2 T Ap’ ( )

and expressed in terms of Fermi wave-vector, kp, and Fermi wavelength, A\p. Using the sums

where [N] is the integer part of

(V] (V] 1
S N?=N}(N+1), Y nP= SIVI(NT + DN + 1), (15.10)
n=0 n=0

we immediately have
ny(N) = o [([N]N2 - %[NP) + <N2 - %[NP) - %[N]} , (15.11)

For metals described by the DLS model the Fermi wavelength ranges between 0.3nm - 1nm. Notice that the
limit & — 0 is equivalent to taking kr — oo (N — o0). The number density in the limit N — oo is

T 2 3_k%

ng(o0) = g N° =275 (15.12)
Using Eq. (15.12) in Eq. (15.11) we have
ny(N) =ns(co)v(z), (15.13)
where 3 ) 5 ) ) ]
— 3 2 —
We note the limiting cases (see FIG. 15.1)
Nl [o if N<1,
S N 15.15
TN T i Now (15.15)

Convergence of x to unity is very slow. In particular we make an error of 1% in replacing z — 1 even for N=100.
The limiting cases for v(z) in Eq. (15.14) are:

= if N <1,
v(z) — (15.16)
1 if N — o0.

Using Eq. (15.16) we have the following limiting expressions for the number density in Eq. (15.13):

3

K2
£ if N <1(2d< Ap),
% = ng(N) = (o) { r } =1 e (15.17)

It is suggestive to explore the physical nature of the condition N < 1, which states d®nioi/A < /2.
Introducing the packing fraction of a material defined as vp = NatomsAatom /A4, in terms of the total number of
atoms Natoms, and area of an atom Aatom = wa% with a¢ being the radius of the atom, we recognize that the
condition N < 1 corresponds to the window

| < d < T 1
T 2ap /8 Wono’
where the inequality on the left is imposed because a thin sheet of material has to be at least one atomic layer
thick. The total number of carrier charges per atom is defined to be ng. The packing fraction is always less

than unity, v9 < 1. Thus, the condition N < 1 states that a one-atom-layer thick material behaves like a
two-dimensional sheet unless the packing fraction is very low.

(15.18)
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Figure 15.1: Left: Energy filling scheme and description of [N] and N. Right: Fractional Floor function [—N]

plotted with respect to N.
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Figure 15.2: Plot of v(x) versus N (on left) and versus + (on right).
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15.2 Graphene

Graphene is a single layer of graphite. The carbon atoms in graphene arrange to form a two-dimensional
hexagonal lattice with each side of a hexagon measuring 0.142nm. The interlayer separation between the layers
in graphite is 0.337 nm.

15.2.1 Dielectric function for graphene

Our goal is to determine the dielectric model for graphene. To this end we note that conduction electrons
in undoped graphene (a 2-dimensional structure) in the lowest Brillouin zone are decribed by a Diriac-like
dispersion relation [2]

E =vp|p|, (15.19)

where p is the momentum of the electrons in the plane of graphene, and vp = ¢/300 is determined in terms of
the lattice parameters. Introducing a mass which is loosely equivalent to considering doped graphene we have

2
B? = Z—§p262 +m2ct, (15.20)

which leads to the Dirac’s dispersion relation for vF = ¢. We introduced c in the expression for clarity. In terms
of Diriac-like matrices we can write
E =375 - p+ mjo, (15.21)

where the modified y-matrices are defined as 4* = (v, vp7y) and satisfy the anti-commutation relations

{(7",7"} = —20"\n" 597, "y = —29", n*, = diag(1,vr), p=0,1,2,....,D,  (15.22)

with D being the number space dimensions in a (D + 1)-dimensional space-time. The conduction electrons
in graphene are confined to be in a 2-dimensional sheet in (3+1)-dimensional space-time, thus D = 2. The
interaction between conduction electrons and electromagnetic fields will be described by the action

d
W:i/d%/dt l_i/dZFWFW —/ dzwwo{’y“ (1.8# —eA#> +m}w
0 2

in which the electrons are confined to move in the graphene sheet. We shall assume that the Dirac fields have
no knowledge of the thickness d. This probably needs to be taken care of more rigorously if one intends to
compare our final results more precisely with experiments. But, as we mentioned earlier our goal will be simply
to get the numbers in the right ballpark.

The dielectric permittivity in this model is given by

, (15.23)

[€7(k,w) — 6¥]w? = T (k, w; m), (15.24)

where the right hand side is given in terms of the vacuum polarization contribution

T (k w-m)——ﬁtr/ e T SV, ! (15.25)
=T ) o It ap]) A — R '

In terms of redefined momentums, p* = n*, p¥, after evaluating the traces over the gamma indices we have

2 1 dD-|-1~ 1 1
¢ P — (15.26)

MHlewi) = =00 | o e e+ - 0

where
TH = —4[m® + (P — k) \n” o 9™ + 4157 (6 — k) + 52 (5 — k) In" s - (15.27)
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Using the integral representation

1 1 e . )
— =1 =1 ) —is(M—1id)
MM }li%l/o doe ’ (15.28)

where the parameter § is a positive real number, to invert the denominators and then using the substitutions
s1 = su, s2 = s(1 —u), we can write

2 1 [eS) ) 1 s dDJrl -
il (k,w;m) = ¢ / sds e~ism” / dy e~ isk u(1-u) / (7]9 (TH 4 TE 4 TE )~ (—uh)” (15 29)
0 0

T4 2m)D+1

where
T = du(l =) [B2g* = 207 a0’ (15.30)
T = —4 [{m? + (5 — uk)*}g™ — 205 — k) (5 — wk)” | "5 (15.31)
T = —4(2u—1) [k (= uk) g — B F — uk)” + k(5 — u/%)k}} - (15.32)

After the Euclidean rotation, p* — ip°, we can evaluate

D+1 5 - (1-D)/2
A7 eis(b—uk)? _ i (15.33)
(2m)D+1 (4ms)(1+D)/2’ :
dDJrlZN) —is(p—uk)? (= 7.
/ (271')7D+1 (& (p—uk) (p — Uk)'u = 0, (1534)
dP+1p =9 issuiyz (L4 D)1 j(=D)/2
— P (5_ —is(p—uk)” _ -

dD+1ﬁ _ - = Ao ;(1-D)/2
&P s 5\ Temis—uk)? 9 Y
/(27T)D+1 (p—uk)*(p — uk)’e = i (dns) D2 (15.36)

which immediately impies that 74" does not contribute. Rest of the two contributions lets us write

I (k,w; m) = 1" (k, w; m) + 15" (k,w;m), (15.37)
where 11
" (k,w;m) = 39D [2]9/5‘7 - 1529)“7} n* ", p(k,w;m), (15.38)
F
where ) .
1 8e e ds ; 2 T2
. _ = “o (8=D)/2 —ism _ —isk®u(l—u)
Ip(k,w;m) = 4 (i) (D12 /0 S S e /0 duu(l —u)e . (15.39)
Evaluation of 115" (k,w; m) involves the integral
dD+1p " o (F— )2 1 (D - 1)
v, —is(p—uk)® _ _ gl Y AO 202
/(%)D+1 T4 e A\ g (dmis) T D2 [zm + } (15.40)
and integrating by parts using
d 1 —ism? | _ 1 .9 (D B 1) —ism?
and throwing away the surface term we have
v 11 - v e
5" (k,w;m) = §U—Dk2n“)\n 29 TIp(k,w;m). (15.42)
F
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Using Eqgs. (15.38) and (15.42) in Eq. (15.37) we have
1 [y~ -
™ (k,w;m) = — [kkk" - /&;M} i o T (k, w;m). (15.43)
UF
Substituting v = (1 +v)/2 in Eq. (15.39) ans performing the s-integral after Euclidean rotation (s — —is) lets

us write ) (3 D) ) )
2e°T" (5=) 1 (1—-v7)
Ip(k,w;m) = 72—/ dv . (15.44)
1 (1+D)/2 - (3—D)/2
(47) d Jo [mz + ikQ(l —2)

We can evaluate the limiting cases
1 (ST () 2\
Ip(k,w;0) = d~D/ay(+D)T (1 n %) (E) , —-1< D <3, (15.45)
14T (52)

IIp(0,0;m) = 53(4ﬁ)(1+D)/2 3D D < 3. (15.46)
For D = 2 which is the case of our interest we have
e’ 1
IIs(k,w;0) = —— 15.47
2( ) W ) S kdv ( )
I, (0,0;m) = e 1 (15.48)
2 Tm) = 6m md’ '

We note that in D = 2 the contribution from vacuum polarization at zero momentum vanishes in the limit
d — oo for non-zero mass. Thus, there is no (re)normalization necessary.

At this stage it is worth pointing out that a more satisfatory exercise would be to compute the above for a
sheet of finite thickness and then take the limit d — 0, which we shall complete elesewhere. We do not expect
the qualitative behaviour of the results to change.

For an isotropic medium, taking the trace in Eq. (15.24) we have

v% k2 _
ekkw)—1=—-(1- o> > (k, w; 0). (15.49)
Setting k = 0 (k — iw) we have
e(0,w) — 1 = —II5(0,w; 0) = ——, (15.50)
iw
where we identified the conductivity
2
e
= —. 15.51
0= (15.51)

For graphene we have 2 electron states (4 two-component spinor states) in the lowest Brillouin zone [2], thus

62 yes

0g = 28d = (15.52)
Using Eq. (15.52) we have for graphene
Ag = mad. (15.53)
15.3 Problems
1. The number density of electron in a thin film of thickness d
ny = ot (15.54)

L.L,d
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as a function of the Fermi energy Er is conveniently expressed in terms of the parameter

- 2m*EFd2 - de - 2d
N =/ B = e = o (15.55)

where kp is the Fermi wave-vector and Ar is the Fermi wavelength, by the expression

ns(N) = ng(co)w(a) (15.56)
where
ny(00) = %;m = f—i (15.57)
and
v(z) = g <x — %x3) + % < — %x2) — 4—;]23:, T = % (15.58)

Here [N] is the integer part of N.

(a) Plot z = [N]/N as a function of N, for 0 < N < 10. In particular, consider regions 0 < z < 1.2.
(b) Plot v(z) as a function of N, for 0 < N < 10. In particular, consider regions 0.8 < v(z) < 2.0.
(c) Plot v(z) as a function of 1/N, for 0 < 1/N < 0.5. In particular, consider regions 0.9 < v(z) < 1.5.

2. The electronic structure of an isolated carbon atom is 1s22s?2p2. In graphene the carbon atoms arrange
themselves in a single two-dimensional hexagonal pattern. The carbon atoms are 0.142nm apart. Each
carbon atom in graphene shares three electrons with three closest neighbours in sp? hydrid orbitals. The
excitations of the remaining electron, corresponding to the remaining p-orbital oriented out of the plane
(m-bond), is described by the Hamiltonian

H=vpa-p, (15.59)
where p represents the momentum in two dimensions (p, = 0) and vp/c ~ 300. In terms of the rescaled
momentum
. H vp
== "Ep),  u=0,1,2, (15.60)
¢’ ¢

and Dirac’s Gamma matrices v* = (8, Sa), for u = 0,1, 2, we have the (massless) Dirac equation
Y pu = 0. (15.61)

The dielectric permittivity in this (quantum field theoretical) model is given in terms of vacuum polar-
ization effects using the relation
I (0,w) = §9w?(e — 1), (15.62)

where the vacuum polarization tensor is given by

_ d3p 1 1
i (k,w) = —4ra tr/ p3 yH——A" —, (15.63)
(2m) P oy (p—k)

o = €2 /4rhc is the fine structure constant.

(a) Using the idea of rationalizing denominators show that

1 B
= 1P (15.64)
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(b) Use Eq.(15.64) to move all the Gamma matrices to the numerator in the expression for vacuum

polarization tensor in Eq. (15.63). Evaluate the trace
(1777 7) = 4(g" 9" — 9" g% + 9" g"*)

and then show that

Bp [P - k)Y + (B — k)" — g™ (p— k)]

il (k,w) = —167a /

(2m)? P2 (5 — k)2

Show that the inverse of an operator has the integral representation
1 1 e ) .
I 1 — lim s d —is(M—1id)
M oS0 M —i6 om0 /0 oe ’

where the parameter J is a positive real number. Thus, show that

;N = lim dsleﬂ'sl(ﬁ*i‘s)/ d5267i52[(ﬁ71~“)27w].
pP*(p—k)?*  -0Jo 0

Using substitutions

= s(1 —u),

S9 =

S1

su,

deduce ds1dss = sdsdu, where 0 < s < 00, 0 < u < 1, and show that

o0 1 .
;ﬂ, = lim sds 6*55/ du e*is(lfu);ﬁ267isu(ﬁfk)2
132(}3 - k)2 =0 Jg 0
o0 1 B )
= lim sds e du e~ tsu(l—0k?  —is(p—uk)®
=0 Jo 0
Thus, show that
~ 2 oo 1 - :
iH#V(k7w) = _C; lim sds 6756/ du e*lsu(lfu)kz
T =0 Jo 0

x / &35 [ (5 — F)” + 75— B — g5 (5

Show that, replacing p — uk — p leads to the integral

_ ]})} o is(—uk)?

(15.65)

: (15.66)

(15.67)

(15.68)

(15.69a)
(15.69b)

(15.70a)

(15.70b)

(15.71)

/ &5 [(+uk)" (F— (L —w)k)” + (+uk)” (— (L —u)k)* — g" (F+uk)- (5— (L —u)k)]e ™. (15.72)

Evaluate this integral by computing the following integrals, (in terms of the Gaussian integral,)

/d3~67is;52 _ l (1)%
p — s/
d°p [p"F]e” = 0,

/
/

3
85 5] p—isF” — _ g - (1)5
&°p [p'p”]e 95 \5)
e = -3 (1)}
2s \is

(15.73a)
(15.73b)
(15.73c¢)

(15.73d)
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(e)

Thus, show that

17 6—0

~ o 2
il (k,w) = (2k*kY — ‘“’k2)— lim duu 1—u / 2 /5 e slotin(1-wi?)

—i—g‘“’

d 1
lim du/ i s[tiu(1—w)’] (15.74)

7]7'( 5*}0

Evaluate the s-integrals using the integral representation for the gamma function

I‘(z)z/ dss*te™*, (15.75)
0

and evaluate the following u-integrals using the integral representation for the beta function

B(x,y) = /0 dun® (1 —u)? (15.76)

In particular, —3I'(—3) = I'(3) = \/7 and B(2, 2) = n/8. Thus, evaluate the vacuum polarization
tensor _ o~ - _
" (k,w) = —%(k“k” — g"k?). (15.77)

Show that, using k2 = v2k - k — w?

1%(0,w) = 0, (15.78a)
.. T . -
7 (0,w) = ——67w”. 15.78b
(0.0) = — 2 50 (15.781)
Read out the dielectric permittivity of graphene, using Eq. (15.62), as

T T

e—1=-2X —=—— 15.79

2iw w’ ( )

where we multiplied by a factor of 2 for the two independent excitations (representing the Dirac
points K and K').
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