Homework No. 02 (Fall 2018)

PHYS 500A: Mathematical Methods
Due date: Tuesday, 2018 Sep 4, 4.00pm

1. (80 points.)

(a)

A vector v in terms of the basis vectors e; has the form
v = e,

and in terms of another set of basis vectors e; has the form
vV = éi@i.

If the two sets of basis vectors are related by the linear transformation
e, = ejaj i

then show that
vt =017,

where b = a1,

Spherical polar coordinates are defined using the transformations

r=+\x2+y>+ 22,

x = rsinfcos ¢,

22 2
y = rsinfsin ¢, 6 =tan~! _Zy ,
z
2z =rcosb, qb:tan_ly.
x
Let us chose R R R
elziu 82:j7 e3:k7
and
élzr:VT, é2:9:V9, 63:¢):V¢

Show that the linear transformation a connecting the two sets of basis vectors is

. cosf cos @ sin ¢
sinfcos¢p —— @ ——
r rsin 6
) ) cos 6sin ¢ cos ¢
a= sin # sin ¢ :
r rsin 6
sin 6
cos — 0
L r _



and

sinfcos¢  sinfsin ¢ cosf
b=at= | rcosfcos¢ rcosfsing —rsinb
—rsinfsin¢ rsinfcos ¢ 0

The differential of a position vector in these basis set takes the form
dx = idz + jdy + kdz = rd7 + 0djj + Pdz.
Using Eq. (3) we learn that

~

¢

rsind’

, =
where
r= sin@cosgbi+sin9sin¢j+Cosé’f<,
0 = cos@cos¢i+cos€sin¢j —sinfk,
(]3 = —sin¢i+cos¢j,

(12c¢)

Using Eq. (4) and replacing total differential for the sum of partial differentials we

learn that

dr = sinf cos ¢ dx + sinfsin ¢ dy + cosf dz = dr,

dy = rcosfcospdr +rcosfsingdy — rsinfdz = r>db,

dZ = —rsinfsin ¢ dx + rsin f cos ¢ dy = r sin® Ode.

Thus, show that R R
dx =1tdr+ 60rdf+ ¢rsinfdo.

The scale factors are read out to be
hr =1, hg=r, hy=rsinb.
The metric tensor is defined using the inner product,
gij = €; - €j,

Show that
gu 5ij
and
1 0 0
0 ! 0
gij = gmnamianj = fra_2 .
0 -
r2sin® 6

Further, show that
dx - dx = do? + dy? + d2* = dr? 4+ r2df* + r*sin® Adp>.

(13a)
(13b)
(13c¢)

(14)

(19)



