Homework No. 03 (Fall 2018)

PHYS 520A: Electromagnetic Theory I
Due date: Friday, 2018 Sep 14, 4.00pm

1. (50 points.) The Maxwell equations, in SI units, are

V-D =y, (1a)
V-B=0, (1b)
0
—-VXE—-—B=0 1
xE-CB=0, (1¢)
0
VxH-—=D=1] 1d
xH- D=1 (1)
where
D =¢E+ P, (2a)
1
H=—B-M. (2b)
Ho
The Lorentz force, in SI units, is
F = ¢E + qv x B. (3)
We have ]
c= . (4)
v/ Eolo

The above quantities will be addressed with subscripts SI in the following. The corre-
sponding quantities in Gaussian (G) units and Heaviside-Lorentz (HL) units are obtained
using the conversions

\/%DG = Dst = v/2o D, VATeo pa = pst = /€0 pur, (5a)
\/417r—50 Ec = Eg = \/%70 Enr, VAregPg = Py = /2o P, (5b)
\/LTWHG:HSI:\/%HHM VinegJa = Js1 = /€0 Jur, (5¢)
\/%BG = Bg1 = /1o B, i_:MG = Mg = \/%MHD (5d)

Note that the Heaviside-Lorentz units are obtained from Gaussian units by dropping the
47’s, which is called rationalization in this context.
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(a) Starting from the Maxwell equations and Lorentz force in SI units, derive the cor-
responding equations in Gaussian units. The Maxwell equations, in Gaussian units,

are
V. DG = 47TpGa
V- -Bg =0,
10
~VxEg—-=Bg =0
10 4
V x Hg — —=Dg = —Jg,
c ot c
where

DG = EG—F47TP(;,
HG = BG - 47TM(;.

The Lorentz force, in Gaussian units, is
v
F = qcEc + fa X Bg.

Here charge g¢ has the same conversion as charge density pq.

(b) Starting from the Maxwell equations and Lorentz force in SI units, derive the corre-
sponding equations in Lorentz-Heaviside units. The Maxwell equations, in Heaviside-

Lorentz units, are

V - Dyr, = pur,
V By =0,
10

“V xEnp — - =By, = 0

X By, et HL )

10 1

V x Hy, — ——=Dyp, = —Ju,
c Ot

where

Dy, = Eur + Py,
Hyr, = Bur, — Mpr.

The Lorentz force, in Heaviside-Lorentz units, is

\
F = qur.Enr, + QHLE X Br,.

Here charge gyr, has the same conversion as charge density pyr,.

(10a)
(10Db)

(11)



2. (20 points.) In Gaussian units the power radiated by an accelerated charged particle of
charge e is given by the Larmor formula,

2e?
B 303a’

where a is the acceleration of the charged particle. Write down the Larmor formula in SI
units, and in Lorentz-Heaviside units.

P (12)

3. (30 points.) The fine-structure constant, in Gaussian units,

62

%9

is the parameter that characterizes the strength of the electromagnetic interaction.

o =

(13)

(a) Write down the corresponding expression for fine-structure constant in SI units, and
in Lorentz-Heaviside units.

(b) Verify that the fine-structure constant is a dimensionless quantity. Show that the
numerical value of the fine-structure constant is independent of the system of units.

(c) Evaluate the numerical value for the reciprocal of the fine-structure constant, a=*. (A
periodic table based on quantum electrodynamics breaks down for atomic numbers
greater than a™!.)

4. (30 points.) The relation between charge density and current density,

0 .
is the general statement of the conservation of charge.

(a) Derive the statement of conservation of charge in Eq. (14) from the Maxwell equa-
tions.
Hint: Take time derivative of Gauss’s law and divergence of Ampere’s law.

(b) For an arbitrarily moving point particle with charge ¢, the charge and current den-

sities are
p(r,t) = 6@ (r — r,(t)) (15)
and
i(r,t) = qva(t) 6O (r — ra(t)), (16)
where r,(t) is the position vector and
dr,
all) = 17
vlt) = (17)

is the velocity of the charged particle. Verify the statement of the conservation of
charge in Eq. (14) for a point particle.



