Homework No. 05 (Fall 2018)

PHYS 520A: Electromagnetic Theory I
Due date: Friday, 2018 Oct 26, 4.00pm

1. (20 points.) Show that the effective charge density, pes, and the effective current density,
joﬁa
Peft = -V. P7 (1>

0
jeﬂ=§P+VxM, (2)

satisfy the equation of charge conservation

0 .
apoﬁ +V “Jet = 0. (3)

2. (60 points.) Consider a solid cylinder of radius R and infinite length with uniform
permanent polarization
P(r,t) =PoO(R —p), (4)

where p? = 22 + y? and Py is perpendicular to the axis of the cylinder. We shall find the
electric potential and the electric field outside the cylinder.

(a) Show that the effective charge density is given by the expression

(b) Beginning from
_ 1 3 s Pesi(T’)
o) = o [ @ 2 (0
after integrating by parts, and writing
_ 1 3,./ Q(R — pl)
o) =~ P V/d R (7)
show that Py ( )
_ 3./ o o-\r—r
o) = o [ @ or— ) TS 0

(c) Evaluate the integrals, 2/, ¢/, and p/, to show that the electric potential outside the
cylinder is given by

. 27TR2 PO P

N 41 o p2 ’

¢(r) (9)

Hints:



i. In cylindrical coordinates we have

p=pcosdi+ psing], r=p+zKk, (10a)
p = pcosd i+ psing]j v =p + 72k, (10b)
Py = Pycosai+ Pysinaj. (10c¢)
Thus,
v = (= 2P+ p— PP (11)
and
Py (r—1')=Po- (p—p). (12)
ii. Complete the 2’ integral using
e d 2
| 552 (13)
oo (2240?22 a
to obtain the result
Po-(p—p)
= d?p (R — p) ———2. 14
o) = 1 [ @ or— ) (14)

where d?p' = p'dp'd¢’.
iii. Choose ¢ = 0. Then, complete the ¢ integrals using

L g L <1 (15)
I = a
27 J, (1+acosg) 1—a? ’
1 [ cos ¢ 1 1
= s LA = S S 1 1
27 J, ¢(1:tacosq5) a:Fa\/1—a2’ jal <1, (16)
1 2 :

SO _ g < 1. (17)

27 J, (1 £ acoso)
iv. Collect (and complete cancellations) before completing the p’ integral. The
divergence iassociated to p — R cancels for p' < R < p.
(d) Evaluate the gradient of the electric potential to show that the electric field outside
the cylinder is given by
_2mR? 1
 dmey p?

E(r) 2Py - p)p — Po|. (18)



