Homework No. 08 (Fall 2018)

PHYS 520A: Electromagnetic Theory I
Due date: Friday, 2018 Dec 7, 4.00pm

1. (50 points.) Let the space be filled with two dielectric materials, with a discontinuity
at z = 0, such that
e(r) = e20(—2) +&10(2), (1)

where
Eo < £1. (2)

In addition there is a point charge at ¢ at
r'=0x+0y+az. (3)

In the following we shall determine the electric potential and electric field everywhere for
this configuration.

(a) Starting from the Maxwell equations (in vacuum) the electric potential for a single

point charge at r’ is
—eV29(r) = g0V (r — '), (4)

Construct the corresponding Green’s function to satisfy
—eoV2Go(r —1') = 6@ (r — 1), (5)

which is obtained by replacing the charge density with that of a point charge of
unit magnitude that is achieved by simply choosing ¢ = 1 in this case. The electric
potential is in general given in terms of the Green’s function by the superposition
principle

o) = [ #rGulr K)ot (6
which for a point charge in vacuum simply reads
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Observe that the configuration under consideration, a point charge in a planar di-
electric region, has translation symmetry in z and y directions. Thus, we use Fourier
transformation in these coordinates to write

Go(r,1’) :/&akr(r_r%go(z k) (8)
) (277')2 » <y )
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where go(z, 2'; k1) is the Fourier transform of Gy(r,r’) in the = and y coordinates.
Here the subsript L is the projection in the plane perpendicular to z. Show that the
reduced Green’s function go(z, 2’; k) satisfies the differential equation

d2
) (d— - ’“i) cogo(z 2 ki) = 3z — 7). (9)
Show that L1
k) = — —ky|z—2/| 1
gO(Zv'Z ) J-) o 2%k, ( 0)
Thus, find the identity
i r i 1
e —v'| Ar o =22+ (y — y)? + (2 — 2)?
d2kJ_ 'kJ_ / 1 /
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Starting from the macroscopic Maxwell equations the electric potential for a single
point charge at r’ in the presence of a dielectric material is

V. [a(r)v} o(r) = 6@ (r — ). (12)
Construct the corresponding Green’s function to satisfy
V. [a(r)v} G(r,v) = 6@ (r — 1) (13)

Show that the corresponding reduced Green’s function g(z, 2’; k) satisfies the dif-
ferential equation

0 0
() el i) =8z - ), (1)
where
€9, 2z <0,
elz) = 15
( ) {81, 0<z. ( )
Show that
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Use the identity in Eq. (11) to show that

o(r) = qG(r,x') = L 4 _ 4 L i : (17)

Cdme v -1/ dmei|r -1,
€2 — €1
im — — 18
q q<€2+€1) (18)

! >0
A (19)
r' —2az, z<0.

where

and

Thus, prescribe an algorithm to determine the electric potential for planar dielectrics—
a method of images for planar dielectrics.

Determine the electric field to be

_q r—r Gim T —T,
Cdme v =13 dwe e -1l |3

E(r) = —Vo(r) (20)

Draw the electric field lines for e < €1, and compare it with the electric field lines
for Eo > £1.

By evaluating the ratios

E.(x,y,+0) Ey(z,y,+0) E.(z,y,+9) (21)
E.(z,y,—0) E,(z,y,—0) E.(x,y,—0)

determine the boundary conditions satisfied by the electric field lines. This is the
Snell’s law for the electric field lines. Note that the Snell’s law for refraction is
expressed in terms of the propagation vector of a plane wave, which is perpendicular
to the electric field lines.

A perfect conductor (in the static limit) is a dielectric material with a very high
dielectric constant (¢ — oo). Consider the extreme limit

€1 <& — OO (22)
and

€9 < €1 — OQ. (23)

Examine these cases critically. Compare your results with the method of images for
perfect conductors.



