Homework No. 07 (2019 Spring)

PHYS 420: Electricity and Magnetism 11
Due date: Wednesday, 2019 Mar 20, 2:00 PM, in class

0. (0 points.) Keywords for finding resource materials: Electromagnetic energy conserva-
tion; Electromagnetic momentum conservation; Flux.

1. (60 points.) When magnetic charges p,, and magnetic currents j,, are permitted, in
addition to electric charges p. and electric currents j., the Maxwell equations are

V.D = Pe; (1&)
V-B = p,, (1b)

0 .
-V xE— EB = Jm, (1C)

0 .
VXH—ED—‘]G, (1d)

where

D = gE, (2a)
B = uoH. (2b)

The Lorentz force, in SI units, on an object with electric charge ¢. and magnetic charge
Gm 18

F=¢E+q¢vxB+g¢g,H—qg,vxD. (3)
Note the negative sign in the fourth term of the Lorentz force. This is postulated based
on the observation that Maxwell equations are symmetric under the replacement

Pe — Pms Pm —7 —Pe, (43)
je — jma .]m - _jea (4b)
E — H, H— —-E, (4c)

which is a special case of duality transformation. The corresponding force density (force
per unit volume) f is
f=p.E+j.xB+p,H—j, xD. (5)

The speed of light in vacuum ¢ satisfies the relation
C2€OIUO =1. (6)

The duality transformation did entice us to consider magnetic monopoles. However, the
purpose for introducing magnetic monopoles here is also to gain insight for the sources for
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the electromagnetic energy density and electromagnetic momentum density as suggested
by the associated conservation laws deduced from the Maxwell equations. At any stage of
our calculation we can get the standard electrodynamics by switching off the contributions
from magnetic charges and currents, by setting p,, = 0 and j,, = 0.

(a)

Conservation of charge: Take the divergence of Ampere’s law in Eq. (1d), and then
use Gauss law for electric field in Eq. (1a) to deduce

0 .
ape_l'v'.]e:(l (7)

This is the statement of conservation of electric charge. Similarly, take the divergence
of Faraday’s law in Eq. (1c), and then use Gauss law for magnetic field in Eq. (1b)
to deduce

0 .

This is the statement of conservation of magnetic charge.

Conservation of energy: The rate of energy transfer from the electromagnetic field
to the charge, the power, is given by

F-v=¢v-E+gq,v-H. 9)

For a continuous charge distribution, then, the rate of energy transfer from the
electromagnetic field to charge distributions is given by

Je ' E+jn -H. (10)

Use Ampere’s law in Eq. (1d) to replace j., and Faraday’s law in Eq. (1¢) to replace
jm, in Eq. (10), to obtain the statement of conservation of energy

0

§U+V-S+je-E+jm-H:O, (11)
where ) )
U:§E~D+§H~B (12)

is the electromagnetic field energy density and
S=ExH (13)

is the flux of electromagnetic field energy density (the Poynting vector).

Hints: Use the identities 5 5 /e
C.—C=—|(— 14
ot ot < 2 ) (14)

V- (ExH)=(VxE)-H—(VxH)-E. (15)

for any vector C, and
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(c¢) Conservation of momentum: We start from the expression for the force density in
Eq. (5). Use Gauss law for electric and magnetic field in Egs. (1a) and (1b) to replace
pe and p,,, Ampere’s law in Eq. (1d) to replace j., and Faraday’s law in Eq. (1c) to
replace j,,, in Eq. (5), to obtain the statement of conservation of momentum

%G+V-T+f=& (16)

where

G=DxB (17)

is the electromagnetic field momentum density and
T =1U — (ED + HB) (18)

is the flux of electromagnetic field momentum density (the stress tensor).
Hints: Use the identities

(VIM&HmexDzﬁéVEJM+V4Em, (19a)

(V-BJH+(V xH)xB= — V(H-B) V- (HB) (19b)



