Homework No. 04 (Spring 2019)

PHYS 510: Classical Mechanics
Due date: Thursday, 2019 Feb 28, 4.30pm

1. (20 points.) A pendulum consists of a mass ms hanging from a pivot by a massless
string of length a,. The pivot, in general, has mass my, but, for simplification let m; = 0.
Let the pivot be constrained to move on a frictionless hoop of radius a;. See Figure 1.
For simplification, and at loss of generality, let us chose the motion of the pendulum in
the plane containing the hoop.

Figure 1: Problem 1.

(a) Determine the Lagrangian for the system to be

L(91, 91, 92, 92) = imgafé’f+§m2a§9§—l—m2a1a29192 cos(91—92)+mgga1 COS 91+mgga2 COS 92.
(1)

(b) Evaluate the following derivatives and give physical interpretations of each of these.

% = m2a%91 —+ mgalagég 008(91 — 92), (2&)
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(¢) Determine the equations of motion for the system. Express them in the form

0, + wisinf; + %92 cos(by — 6y) + %93 sin(f; — 60y) = 0, (3a)

0 + w2 sin By + 50, cos(0; — 6,) — BO? sin(h; — 65) = 0, (3b)
where )
2 9 29 g _wh

wl - a ) w2 Qs ) B as w% . (4)

Note that (§ is not an independent parameter. Also, observe that, like in the case of
simple pendulum, the motion is independent of the mass mo when m; = 0.

(d) In the small angle approximation show that the equations of motion reduce to

91 + wf@l + Beg = 0, (5&)
ég + w§92 + 591 = 0. (5b)

(e) Determine the solution for the initial conditions
Interpret and expound your solution.

2. (20 points.) Consider the coplanar double pendulum in Figure 2.
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Figure 2: Problem 2.

(a) Write the Lagrangian for the system. in particular, show that the Lagrangian can
be expressed in the form

L = Ly + Ly + Ly, (7)
where
L, = %(ml + my)a26? + (my + ma)gay cos by, (8a)
Ly, = %mgagﬁg + magas cos s, (8b)
Line = Moayast,6o cos(0; — 65). (8¢)
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(b) Determine the equations of motion for the system. Express them in the form

(my + m2)a191 + (mq + ma)gsin by + Maasby cos(0; — 6y) + mgaﬁg sin(f; — 6y) = 0, (9a)
agég + gsin 92 + alél COS(91 — 92) — aléf sin(Ql — 92) =0 (gb)
(¢) In the small angle approximation show that the equations of motion reduce to
. 2 a .
91 + w191 + 592 = O, (10&)
ég + w%ﬁl + 591 = O, (10b)
where )
2_ 9 2_ 4 2 ar Wi
= — = — = - — = —5. ]-1
“1 a;’ “2 as’ “ my + my’ p as  w? (11)
Note that 0 < a < 1.
(d) Determine the solution for the initial conditions
0:(0) =0, 65(0)=0, 6,(0)=0, 6(0)=wy, (12)

fora =1/2 and § = 1.



