Homework No. 08 (Spring 2019)

PHYS 520B: Electromagnetic Theory
Due date: Thursday, 2019 May 2, 12.35pm

1. (80 points.) The magnetic field associated to radiation fields, in the frequency domain,

is given by
ikr

eB(r,w) = —i x F(0, ¢;0) —, (1)
T
where
F (0, 0:w) = (=) I (k,w), 2)
T
where we have used the notation w
k = —r. (3)

c
for insight in the context of Fourier transformation. The associated electric field is given
by

E(r,w) = -t x cB(r,w), (4)
and satisfies

B(r,w) =1 x E(r,w). (5)

The total energy E radiated into the solid angle d2 per unit (positive, 0 < w < 00)
frequency range dw is given by
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w0 mom cB(r,w) (6)

(a) Show that
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Verify that w.J/c has the dimensions of charge. (Caution: J here is the Fourier
transform of current density.) Thus, conclude that
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has the dimensions of resistance. Quantum phenomena in electromagnetism is char-
acterized by the Planck’s constant h and the associated fine-structure constant
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a dimensionless physical constant. Verify that
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(b)

A loop antenna consists of a circular infinitely thin conductor of radius a carrying
a time-dependent current. Let the circular conductor be centered at the origin and
placed on the z-y plane such that

I, ) = ¢'Iysinwot' 6(p — a)d(2'), (11)

where p' = /272 + 32 and ¢’ = —Xsin ¢/ + § cos ¢'. Evaluate the Fourier transform
of the current density using

J(k,w)= /dgr’/dt'e‘ik'r/ei“t/J(r',t') (12)
and show that

J(k,w) = ¢2n2aly d(w — wo) Jy(kasin ), (13)

where J,,(z) is the Bessel function of first kind.
Hint: You are expected to encounter the following integral
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Substitute ¢’ — ¢ = ¢” to obtain
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Use the integrals
2 d¢/ ,
/0 5, 008 ¢ e TS = (—4)J(z) (16)
and ) )
g d¢ ;] — (z)/
R 1 COS O‘ 17
|5 s a7

We also dropped the delta-function contribution associated to §(w + wy), because
0 <w< 0.

Show that
0 OP
EWN) = Pyr*(ka)*JE (kasin0) 6(w — wo), (18)
where oc
— (EO%) j2
Py = (47T>10. (19)
Here we used the interpretation
d(w—wp)d(w—wp) = 5(w—w0)/ dt o)t — 5(w—w0)/ dt = §(w—wo)T, (20)

where T is the infinite time for which the system is evolving. We used E/T to be
the power P.



(d) Integration with respect to frequency yields the power radiated per unit solid angle

g—g = Pyr*(ka)*J?(kasin ). (21)

Plot the angular distribution of radiated power for ka = 0.5, 2, 3,4, 6. Note that

ka = —a=2r—, (22)

where )\ is the wavelength associated with the angular frequency wy.

2. (20 points.) The spectral distribution of power radiated into a solid angle dQ) =
d¢sin 8df during Cerenkov radiation, when a particle of charge ¢ moves with uniform
speed v in a medium with index of refraction
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is given by the expression
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where w is the frequency of light. Cerenkov light of a given frequency is emitted on a
cone of half-angle .. Determine the expression for #.. Show that for small 6.,

6, ~ 2(1—i>. (25)
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