
Midterm Exam No. 01 (Fall 2019)

PHYS 500A: Mathematical Methods

Date: 2019 Sep 24

1. (20 points.) Let r represent a position vector in three dimensional space. Let xi be the
components of the position vector in rectangular coordinates, which can be interpreted
as surfaces of constant xi. Let us coordinatize the space using the planes, labeled using
β,

y = mx+ β (1)

where m is fixed, instead of planes with constant y. The other two sets of planes of
constant x and constant z are the same. See Fig. 1. Let ui be the components of the
position vector in this new coordinatization of space. In particular, we have
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Figure 1: Basis vectors ei and reciprocal basis vectors ei.

x1 = x = α, u1 = α = x, (2a)

x2 = y = mx+ β, u2 = β = y −mx, (2b)

x3 = z = γ, u3 = γ = z. (2c)

The basis vectors î, ĵ, and k̂ in rectangular coordinate system will be represented as
î = x̂1 = x̂1, ĵ = x̂2 = x̂2, k̂ = x̂3 = x̂3, if necessary.

(a) Basis vectors:

ei =
∂r

∂ui
. (3)

Show that
e1 = î+m ĵ, e2 = ĵ, e3 = k̂. (4)
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(b) Reciprocal basis vectors:
ei = ∇ui. (5)

Show that
e1 = î, e2 = −m î + ĵ, e3 = k̂. (6)

Verify the relations

e1 =
e2 × e3

(e2 × e3) · e1
, e2 =

e3 × e1
(e3 × e1) · e2

, e3 =
e1 × e2

(e1 × e2) · e3
. (7)

(c) Orthonormality: Show that
ei · ej = δij . (8)

That is,

e1 · e1 = 1, e1 · e2 = 0, e1 · e3 = 0, (9a)

e2 · e1 = 0, e2 · e2 = 1, e2 · e3 = 0, (9b)

e3 · e1 = 0, e3 · e2 = 0, e3 · e3 = 1. (9c)

(d) Metric tensor: The metric tensor gij is defined as

gij = ei · ej . (10)

Evaluate all the components of gij. That is,

g11 = e1 · e1 = 1 +m2, g12 = e1 · e2 = m, g13 = e1 · e3 = 0, (11a)

g21 = e2 · e1 = m, g22 = e2 · e2 = 1, g23 = e2 · e3 = 0, (11b)

g31 = e3 · e1 = 0, g32 = e3 · e2 = 0, g33 = e3 · e3 = 1. (11c)

Similarly evaluate the components of

gij = ei · ej. (12)

That is,

g11 = e1 · e1 = 1, g12 = e1 · e2 = −m, g13 = e1 · e3 = 0, (13a)

g21 = e2 · e1 = −m, g22 = e2 · e2 = 1 +m2, g23 = e2 · e3 = 0, (13b)

g31 = e3 · e1 = 0, g32 = e3 · e2 = 0, g33 = e3 · e3 = 1. (13c)

Verify that gijgjk = δik.

(e) Completeness relation: Verify the completeness relation

eiei = 1 (14)

by evaluating
e1e1 + e2e2 + e3e3. (15)
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(f) Given a vector
A = a î+ b ĵ+ c k̂ (16)

in rectangular coordinates, find the components of the vector A in the basis of ei.
That is, find the components Ai in

A = A1 e1 + A2 e2 + A3 e3. (17)

2. (20 points.) Find all z that satisfies the equation

ez = eiz. (18)

3. (20 points.) Find the three roots of −1 by solving the equation

z3 = −1. (19)

Mark the the points corresponding to the three roots on the complex plane.

4. (20 points.) Investigate if the function

f =
z

z∗
(20)

is locally isotropic around the point z = 0. In particular, inquire the following:

lim
x→0

lim
y→0

f, (21a)

lim
y→0

lim
x→0

f. (21b)

Are they equal? Interpret the direction of approach in each of the above limits.

5. (20 points.) Find the real and imaginary part of the function

f =
√
z. (22)
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