
Homework No. 02 (Fall 2019)

PHYS 500A: Mathematical Methods

Due date: Tuesday, 2019 Sep 3, 4.00pm

1. (50 points.) Let r represent the position vector, xi the components of the position vector
in rectangular coordinates, and ui the components of the position vector in cylindrical
polar coordinates. In particular, we have

x1 = x = ρ cosφ, u1 = ρ =
√

x2 + y2, (1a)

x2 = y = ρ sinφ, u2 = φ = tan−1
y

x
, (1b)

x3 = z = z, u3 = z = z, (1c)

Let us define the unit vectors

ρ̂ = cos φ î+ sin φ ĵ+ 0 k̂, (2a)

φ̂ = − sin φ î+ cosφ ĵ+ 0 k̂, (2b)

ẑ = 0 î+ 0 ĵ+ k̂, (2c)

where î, ĵ, and k̂ are basis vectors in rectangular coordinate system. We will also use the
notation î = x̂1 = x̂1, ĵ = x̂2 = x̂2, k̂ = x̂3 = x̂3, to represent these vectors.

(a) Basis vectors:

ei =
∂r

∂ui
. (3)

Show that
e1 = ρ̂, e2 = ρφ̂, e3 = ẑ. (4)

(b) Reciprocal basis vectors:
ei = ∇ui. (5)

Show that

e1 = ρ̂, e2 =
φ̂

ρ
, e3 = ẑ. (6)

(c) Orthonormality: Show that
ei · ej = δij . (7)

(d) Metric tensor: A line element is defined as

dr = dxix̂i = duiei. (8)
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Show that
dr · dr = duidujgij, (9)

where the metric tensor gij is defined as

gij = ei · ej . (10)

Evaluate all the components of gij.

(e) Completeness relation: Starting from

∇r = 1 (11)

derive the completeness relation
eiei = 1. (12)

Express the completeness relation in cylindrical polar coordinates in terms of ρ̂, φ̂,
and ẑ.

(f) Transformation matrix: The components of a vectorA are defined using the relations

A = A · 1 = Aix̂i = Āiei, (13a)

A = 1 ·A = x̂iAi = eiĀi. (13b)

Then, derive the transformations

Āj = AiTi
j , Ti

j = x̂i · e
j , (14a)

Āj = Sj
iAi, Sj

i = ej · x̂
i, (14b)

and show that Ti
jSj

k = δki . Find S and T for cylindrical polar coordinates.

2. (50 points.) Let r represent the position vector, xi the components of the position vector
in rectangular coordinates, and ui the components of the position vector in spherical polar
coordinates. In particular, we have

x1 = x = r sin θ cosφ, u1 = r =
√

x2 + y2 + z2, (15a)

x2 = y = r sin θ sinφ, u2 = θ = tan−1

√

x2 + y2

z
, (15b)

x3 = z = r cos θ, u3 = φ = tan−1
y

x
, (15c)

Let us define the unit vectors

r̂ = sin θ cosφ î+ sin θ sinφ ĵ+ cos θ k̂, (16a)

θ̂ = cos θ cosφ î+ cos θ sinφ ĵ− sin θ k̂, (16b)

φ̂ = − sinφ î+ cosφ ĵ, (16c)

where î, ĵ, and k̂ are basis vectors in rectangular coordinate system. We will also use the
notation î = x̂1 = x̂1, ĵ = x̂2 = x̂2, k̂ = x̂3 = x̂3, to represent these vectors.
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(a) Basis vectors:

ei =
∂r

∂ui
. (17)

Show that
e1 = r̂, e2 = rθ̂, e3 = r sin θφ̂. (18)

(b) Reciprocal basis vectors:
ei = ∇ui. (19)

Show that

e1 = r̂, e2 =
θ̂

r
, e3 =

φ̂

r sin θ
. (20)

(c) Orthonormality: Show that
ei · ej = δij . (21)

(d) Metric tensor: A line element is defined as

dr = dxix̂i = duiei. (22)

Show that
dr · dr = duidujgij, (23)

where the metric tensor gij is defined as

gij = ei · ej . (24)

Evaluate all the components of gij.

(e) Completeness relation: Starting from

∇r = 1 (25)

derive the completeness relation
eiei = 1. (26)

Express the completeness relation in spherical polar coordinates in terms of r̂, θ̂,
and φ̂.

(f) Transformation matrix: The components of a vectorA are defined using the relations

A = A · 1 = Aix̂i = Āiei, (27a)

A = 1 ·A = x̂iAi = eiĀi. (27b)

Then, derive the transformations

Āj = AiTi
j , Ti

j = x̂i · e
j , (28a)

Āj = Sj
iAi, Sj

i = ej · x̂
i, (28b)

and show that Ti
jSj

k = δki . Find S and T for spherical polar coordinates.
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