Homework No. 02 (Fall 2019)

PHYS 500A: Mathematical Methods
Due date: Tuesday, 2019 Sep 3, 4.00pm

1. (50 points.) Let r represent the position vector, ' the components of the position vector
in rectangular coordinates, and u’ the components of the position vector in cylindrical
polar coordinates. In particular, we have

X = pcos @, u=p= Va2 +y?, (1a)

1

T = P

¥ =y = psin ¢, u? = ¢ =tan! g, (1b)
x

=z =2z, u =z =z, (1c)

Let us define the unit vectors

p=cospi+singj+ 0k, (2a)
¢=—singi+cospj+ 0k, (2Db)
72=0i+0j+ k, (2¢)

where i, j, and k are basis vectors in rectangular coordinate system. We will also use the
notation i = X! = X;, j = X% = %X, k = X3 = X3, to represent these vectors.

(a) Basis vectors:

or
i = 55" 3
& =5 (3)
Show that R
e = ﬁ, €y = p¢), €3 — Z. (4)
(b) Reciprocal basis vectors: ‘
e =Vu' (5)
Show that R
el = p, ezzé, e’ =2 (6)
p
(¢) Orthonormality: Show that '
e -e; =4l (7)

(d) Metric tensor: A line element is defined as

dr = do'x; = du'e;. (8)



Show that
dr - dr = du'du? g;;, 9)

where the metric tensor g;; is defined as

Evaluate all the components of g;;.

(e) Completeness relation: Starting from
Vr=1 (11)

derive the completeness relation '
e'e; = 1. (12)

Express the completeness relation in cylindrical polar coordinates in terms of p, ¢,
and z.

(f) Transformation matrix: The components of a vector A are defined using the relations
A=A 1=A% = A, (13a)
A=1-A=%'A=¢4,. (13b)
Then, derive the transformations
Al = AT T/ =%, - €, (14a)
A;=5/'4;, S'=e; %, (14b)
and show that 7;7S;" = 6%. Find S and T for cylindrical polar coordinates.

2. (50 points.) Let r represent the position vector, z* the components of the position vector
in rectangular coordinates, and u* the components of the position vector in spherical polar
coordinates. In particular, we have

' =z = rsinf cos ¢, u' =1 = /22 +y? + 22, (15a)

/72 1 .2
2? =y = rsinfsin ¢, u? =6 = tan™* ﬂ, (15b)
z
23 =z =rcosé, u? = ¢ =tan"! %, (15¢)
Let us define the unit vectors
f =sinfcosgi+sinfsingj+ cosbk, (16a)
0 = cosf cos ¢i+ cosfsingj —sin Ok, (16b)
¢ = —singi+ cosdj, (16¢)

where i, j, and k are basis vectors in rectangular coordinate system. We will also use the

notation i = X! = X1, j = X% = Xy, k = %3 = X3, to represent these vectors.
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(a)

Basis vectors:

_ Or
€; aul .
Show that R )
e =T, e, =10, e3 = rsinfo.
Reciprocal basis vectors:
e =Vu'
Show that ) .
(7]
elzf“, e2:—, el = ¢ .
r rsin 6
Orthonormality: Show that
e e = 5;».

Metric tensor: A line element is defined as
dr = dx'%k; = du'e;.

Show that o
dr - dr = du'dw’ g,5,

where the metric tensor g;; is defined as
Gij = e; - ej.
Evaluate all the components of g;;.

Completeness relation: Starting from
Vr=1

derive the completeness relation
ele; = 1.

(25)

(26)

Express the completeness relation in spherical polar coordinates in terms of r, é,

and ¢.

Transformation matrix: The components of a vector A are defined using the relations

Then, derive the transformations
A = AT, T/ = %; - €,
Aj = S]ZAZ, S]Z = ej . }A(i,

and show that T} Sjk = 6F. Find S and T for spherical polar coordinates.

(27a)
(27Db)

(28a)
(28b)



