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1. (20 points.) Given the functional

Flu] = /1‘2 dz a(:)s)diélix). (1)

Assuming no variations at the end points, evaluate the functional derivative

I F[u)
du(x)

(2)

Here a(z) is a known function.

2. (20 points.) Prove the intuitively obvious statement that the curve of shortest distance
going through two points on a plane, the geodesics of a plane, are straight lines passing
through the two points.

3. (20 points.) A free relativistic particle of mass m is described by

d mv
%\/7_72_;

where ¢ is speed of light in vacuum. Find a Lagrangian for this system that implies the
equation of motion in Eq. (3).

=0, (3)

4. (20 points.) A pendulum consists of a mass my hanging from a pivot by a massless rigid
rod of length a. The pivot, in general, has mass mq, but, for simplification let m; = 0.
Let the pivot be constrained to move on a horizontal rod such that the coordinates of
mass m, are

x1(t) = Asinwgt, (4)
y1(t) = 0. (5)
See Figure 1. For simplification, and at loss of generality, let us chose the motion of the

pendulum in a vertical plane containing the rod. Determine the equations of motion for
the mass my and qualitatively interpret the motion.



Figure 1: Problem 4.

5. (20 points.) Fermat’s principle in ray optics states that a ray of light takes the path of
least time between two given points. The speed of light in a medium is given in terms of

the refractive index
n=-, (6)

v
of the medium, where c is the speed of light in vacuum and v is the speed of light in the
medium. Consider a ray of light traversing a path from (x1,y1) to (x2,y2) in a plane of
fixed z.
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Figure 2: Problem 5.

(a) Show that the time taken to travel an infinitesimal distance ds is given by

gp = 4 _nds, (7)
v C

where ds in a plane is characterized by the infinitesimal statement
ds* = da® + dy?. (8)

(b) Fermat’s principle states that the path traversed by a ray of light from (z1,y;) to
(x2,2) is the extremal of the functional

Tly| = %/(xwz)nds: %/ dan(x)y]1+ (Zif)z. ()

(z1,91) z1
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Since the ray of light passes through the points (z1,y;) and (x9,y2), we do not
consider variations at these (end) points. Thus, show that

dy
T [y] _ _i n(x)% (10)
oy () dx dy\ 2 '
1+ ()

Using Fermat’s principle show that the differential equation for the path y(x) tra-
versed by the ray of light is

&y
___dx  _ no, (11)
dy\?
1+ ()

where ng is a constant. Show that the above equation can be rewritten in the form

dy o

A — 12
dx n(z)? — nk 12)
Let us consider a medium with refractive index (z; = a)
E, O0<z<a,
n(z) =97 (13)
1, a<u.

Solve the corresponding differential equation to obtain

1
y(r) —yo = — {\/oﬂ —nia? — \/a2 - n%a2] , T <a. (14)

)

The path in this medium satisfies the equation of a circle. Determine the radius of
the circle to be a/ng and the location of the center to be (0, yo—a+/(1/n2) —1). For

initial conditions
dy

dx

show that the integration constants are determined to be

=y (15)

T=x1

y(r1) = and

/

Y1
1+
For the special case when y; = 0 and y]; — oo show that ny = 1 and
y(x) = Va? — 22, z < a. (17)

Evaluate the total time taken for light to go from (21 = a,y; = 0) to (22 = 0,y2 = a).

Yo = Y1 and ny = (16)



