Homework No. 01 (Spring 2023)

PHYS 520B: ELECTROMAGNETIC THEORY

Department of Physics, Southern Illinois University—Carbondale
Due date: Tuesday, 2022 Jan 24, 4.30pm

Analytic manipulations in vector calculus are conveniently accomplished using index nota-
tion and dyadic notation. The following exercise serve as a review for the methods. Submit
problems 10 and 28 for assessment. Rest are for practice.

(Algebraic) index notation

1. (10 points.) Verify the following relations:

dij = i, (la)

0ii = 3, (1b)
0ik0k; = 0ij, (1c)
OimBm = B, (1d)
€ijk = —Eikj = Ekijs (le)
giir = 0, (1f)
dij€ijr = 0. (1g)

2. (10 points.) In three dimensions the Levi-Civita symbol is given in terms of the deter-
minant of the Kronecker d-functions,

0it Oim 0;
Eijk€lmn = 6jl 6jm 5jn
Okt Okm Okn

= 6i1(8jmOkn — Ijnlkm)
+6im (050 0k — 610kn )

+5m(5ﬂ5km — 5jm5kl)- (2)
Using the above identity show that
EijkEimn = 5Jm5kn - 5jn5km7 (33)
€ijk€ijn = 20k, (3b)
Eijk€ijk = 6. (3C)



3. (10 points.) Using the property of Kronecker d-function and Levi-Civita symbol evaluate
the following using index notation.

0ij0ji = (4a)
5ij5ijk = (4b)
8ijm(smngm'j - (40)

4. (20 points.) Using index notation and the properties of Kronecker §-function and Levi-
Civita symbol expand the left hand side of the vector equation below to express it in the
form on the right hand side,

(AxB)- (CxD)=a(A-C)(B-D)+5(A-D)(B-C). (5)
In particular find the numbers « and f.
5. (20 points.) Given
A= Bxr (6)

where B is a constant (homogeneous in space) vector field. Using index notation and the
properties of Kronecker d-function and Levi-Civita symbol in three dimensions expand
the left hand side of the vector equation below to express it in the form on the right hand
side,

V x A =aB+ fr. (7)

In particular find the numbers o and f.
6. (10 points.) Derive the following vector identities (using index notation)
Ax(BxC)=B(A-C)—-C(A-B), (8)
(AxB)-(CxD)=(A-C)B-D)- (A -D)B-C), (9)

7. (10 points.) Use index notation or dyadic notation to show that

V X (VxA)=V(V-A) - V2A, (10a)
V- (AxB)=(VxA)-B-—A.(V xB), (10b)
Vx(AxB)=(B-V)A+A(V-B)-(V-A)B- (A -V)B. (10c)

8. (10 points.) (Ref. Schwinger et al., problem 1, chapter 1.) Verify the following identities
explicitly:

(a) VX (VxA)=V(V-A)- VA,

(b) V- (AxB)=(VxA)-B—A-(V xB),

(c) Ax(BxC)+Bx(CxA)+Cx(AxB)=0,

(d) Vx(AxB)=Ax(VxB)-Bx(VxA)—(AxV)xB+(BxV)xA.
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10.

11.

12.

(Geometric) dyadic notation

(20 points.) Verify the following identities:

Vi ==t
r
Vr =1
Further, show that
V.r=3,
V xr=0.

(11a)
(11b)

(12a)
(12b)

Here r is the magnitude of the position vector r, and r is the unit vector pointing in the

direction of r.

(25 points.) Evaluate

r
v ()
everywhere in space, including r = 0.
Hint: Check your answer for consistency by using divergence theorem.

(10 points.) Show that

1 n
(a) V’r’_n = —r ’/"""‘2

r 1 n
(b) V,r,_n:]‘,r,_n_rrrn—i-Z
(v -G

/rTL T’I’L

r

d — =
(d) ern 0

(10 points.) For the position vector
r:rf':a?i+yj+zf<,
show that
Vr=r, Vr=1, V.r=3 and V xr=0.
Further, show that for n # 3

r 1 n r (3—n)
Vr_n:]',,a_n_rrrn+2’ ',r.n rn rn

For n = 3 use divergence theorem to show that

v. 5t

7’”:

3

47 6@ (x).

(13)

(14)

(15)



13.

14.

15.

16.

17.

18.

19.

20.

(10 points.) (Based on Problem 1.13, Griffiths 4th edition.)

Show that
Vr? =2r
Then evaluate Vr3. Show that A
V-=-—
r r2’

Then evaluate V(1/r?).

(10 points.) Evaluate the left hand side of the equation
VT—l3 =arr".
Thus find o and n.
(10 points.) Evaluate the left hand side of the equation
V(r-p)=ap+br,
where p is a constant vector. Thus, find a and b.

(20 points.) Given
Via-r)(b-r)=c

Find the scalar c.

(20 points.) Evaluate the left hand side of the equation
V- (r’r) = ar™.
Thus, find a and n.

(20 points.) Evaluate
p-r
V< r3 ) ’

(20 points.) Evaluate the left hand side of the equation

V(L) =ap+br,
r-p

where p is a constant vector. Thus, find a and b.

where p is a constant vector.

(20 points.) Evaluate

where m is a constant vector.

(18)

(19)

(21)

(23)

(24)

(25)

(26)



21.

22.

23.

24.

25.

26.

27.

(20 points.) Given the flow velocity field

v = wpd (27)

determine the vorticity V x v of the flow. llustrate the flow field and the vorticity using
the associated vector field lines. Here w is a constant, and p and ¢ are cylindrical polar
coordinates.

(20 points.) Given the flow velocity field
C ~
; (28)

determine the vorticity V x v of the flow. [lustrate the flow field and the vorticity using
the associated vector field lines. Here c is a constant, and p and ¢ are cylindrical polar
coordinates. Let p # 0.

(20 points.) The relation between the vector potential A and the magnetic field B is
B=V xA. (29)
For a constant (homogeneous in space) magnetic field B, verify that

1
A= Bxr (30)

is a possible vector potential by showing that Eq. ([B0) satisfies Eq. (29)).

(20 points.) Show that

V(f-a):—%fx(fxa) (31)

for a uniform (homogeneous in space) vector a.

(20 points.) Show that
V.- [Rt(R—71)], (32)

for a uniform (homogeneous in space) Py, can be expressed as a sum of two terms, a
surface term and a volume term. Here §(z) = 1 if x > 0 and 0 otherwise.

Application of )-functions

(10 points.) A uniformly charged infinitely thin disc of radius R and total charge @ is
placed on the z-y plane such that the normal vector is along the z axis and the center of
the disc at the origin. Write down the charge density of the disc in terms of d-function(s).
Integrate over the charge density and verify that it returns the total charge on the disc.

(10 points.) Write down the charge density for the following configurations: Point
charge, line charge, surface charge, uniformly charged disc, uniformly charged ring, uni-
formly charged shell, uniformly charged spherical ball.

b}



28. (10 points.) The distance between two points r and r’ in rectangular coordinates is
explicitly given by

r—v'|=/(z —2)2+ (y — /)2 + (2 — /)2 (33)
The charge density of a charge ¢ at the origin is described in terms of delta functions as
p(r) = q6(x)5(y)o(2). (34)

Evaluate the electric potential at the observation point r, due to a point charge ¢ placed

at source point r’, using
| p(r')
= d*r’ 35
o) = o [ @ (3)

where [’ = [ _da’ [7_dy' [7_dz'. That is, evaluate the three integrals in

4 (T [T ar [T o(")d(y")o(#)
Pr) = dmeg /—oo I /_oo % /_oo I Ve =22+ (y—y)2+(z—2)2 (36)




