Homework No. 07 (Spring 2023)

PHYS 520B: ELECTROMAGNETIC THEORY

Department of Physics, Southern Illinois University—Carbondale
Due date: Tuesday, 2023 Mar 21, 4.30pm

1. (20 points.) A relativisitic particle in a uniform magnetic field is described by the
equations

E
Cil—t =F-v, (1a)
dp
~ _F 1b
b_w (1)
where
E = mc*y, (2a)
p = mvy, (2b)
and
F =qv x B. (3)
Show that J
i
— =0 4
o (4)
Then, derive
LLAE 9
a V X We,
where N
_ 1B
we = (6)

Compare this relativistic motion to the associated non-relativistic motion.

2. (20 points.) A relativisitic particle in a uniform electric field is described by the equations

dE
% — F * V, (7&)
dp
LT _F b
b_w (7)
where
E = mc*y, (8a)
p = mv7, (8b)
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and

F = qE. (9)
Let us consider the configuration with the electric field in the y direction,
E-Ey, (10)
and initial conditions
v(0) =0x+0y + 02z, (11a)
x(0) =0x+yy+0z. (11Db)
(a) In terms of the definition
Wy = EE, (12)
cm
show that the equations of motion are given by
dy
27— won 13
dt wo - B (13)
and
d
(87 = w (14
(b) Since the particle starts from rest show that we have
By = wot. (15)
For our configuration this implies
BZB =Y, (16&)
By = wit, (16b)
Bz = U. (16C)
Further, deduce
wot
By = ——— (17)

V1+wit?

Integrate again and use the initial condition to show that the motion is described by

y—yozi[,/ljtwgt?—l}. (18)
Wo

Rewrite the solution in the form
c\? c?
<y—yo+—) — = —5- (19)

This represents a hyperbola passing through y = yo at ¢ = 0. If we choose the initial
position yo = ¢/wy we have
y? — Pt =5, (20)
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(¢) The (constant) proper acceleration associated with this motion is

2
a=wyc = c. (21)

Yo

A Newtonian particle moving with constant acceleration « is described by equation
of a parabola

1
Y=Y = 504752- (22)
Show that the hyperbolic curve
c2t?
Yy="vyo\/1+—5 (23)
Yo
in regions that satisfy
(.U()t <1 (24)
is approximately the parabolic curve
L o
y:yo+§at+.... (25)

3. (20 points.) A relativisitic particle in a uniform electric field is described by the equations

dE

i F-v, (26a)

dp

— =F 26b

Do (26)
where

E = mc*y, (27a)

p = mv7y, (27b)
and

F = ¢E. (28)

Let us consider the configuration with the electric field in the y direction,

E=Fy, (29)

and initial conditions
v(0) =v9x+0y+ 02, (30a)
x(0) =0x+yoy +0z. (30b)

We will use the associated definitions By = v(0)/c and v = 1/4/1 — 2.
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(a)

In terms of the definition

1qE
Wy = ——",

cm
show that the equations of motion are given by

dy
ar wo - B
and

< (B) = w

For our configuration show that

By = wot + BoyoX,

such that
By = Bovo,
5y7 = wota
8.y = 0.

Using £,y = 0, learn that
62
-

and in conjunction with 8,y = By deduce that

BZIO

=0

and
2

248 =1
0

Thus, deduce
7= wot’ + %

and
2

B+ B, =+
70
Further, deduce

(.U()t

By = ——
YT @R

and

where

(35a)
(35b)
(35¢)

(36)

(42)

(43)



Integrate again and use the initial condition to show that the motion is described by

y—yozi[\/le&)gt?—l], (44a)
Wo

v — 20 = 2 sinh~! @ot, (44D)
Wo
and z = 0.
Show that for vy = 0 we reproduce the solution for a particle starting from rest.
Next, for

wot < 1 (45)
and
o = (D(]C (46)
obtain the non-relativistic limits,
L s
Y—"Y = §Oét ) (473“)
r — Xy — ’Uot. (47b)

Hint: Recall the series expansion

sinh_lx:1n<x—|—\/x2—|—1>::17+.... (48)



