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1. (20 points.) Evaluate the functional derivative

O F'[u)
ou(x)

F[u]:/abdx,/u(j—z)z, 2)

assuming no variation at the end points.

of the following functional,

2. (20 points.) A mass m slides down a frictionless ramp that is inclined at an angle 6 with
respect to the horizontal. Assume uniform acceleration due to gravity ¢ in the vertical
downward direction. In terms of a suitable dynamical variable write a Lagrangian that
describes the motion of the mass.

Figure 1: Problem 2.

3. (20 points.) The path of a relativistic particle moving along a straight line with constant
(proper) acceleration « is described by equation of a hyperbola

2
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Figure 2: Problem 3

This represents the world-line of a particle thrown from z > z5 at ¢t < 0 towards
z = zp in region of constant (proper) acceleration « as described by the bold (blue)
curve in the space-time diagram in Figure 3. In contrast a Newtonian particle moving
with constant acceleration « is described by equation of a parabola

1
z—zg = §at2 (4)

as described by the dashed (red) curve in the space-time diagram in Figure 3. Show
that the hyperbolic curve

c2t?
<0
in regions that satisfy
c
<< — 6
: (6)
is approximately the parabolic curve
L oo
Z:ZQ+§Oét+.... (7)

Recognize that the proper acceleration o does not have an upper bound.

A large acceleration is achieved by taking an above turn while moving very fast.
Thus, turning around while moving close to the speed of light ¢ should achieve the
highest acceleration. Show that a@ — oo corresponding to zy — 0 represents this
scenario. What is the equation of motion of a particle moving with infinite proper
acceleration. To gain insight, plot world-lines of particles moving with a = ¢/ 2,
a = 10¢%/zy, and a = 100¢?/ 2.



4. (20 points.) A relativisitic particle in a uniform magnetic field is described by the

equations
dFE
Z_F.
dt v
dp
r_p
dt ’
where
E = mc?y,
p = mvy,
and
F =¢v x B.
Show that
G
dt ’
Then, derive
dv v
at VY
where
_ 4B
c — m,}/

Compare this relativistic motion to the associated non-relativistic motion.

(8a)

(8b)

5. (20 points.) A relativisitic particle in a uniform electric field is described by the equations

dFE

Z_F.

dt v

dp

Y _F

dt ’
where

E = mc?y,

P = mv7y,
and

F = qE.

Let us consider the configuration with the electric field in the y direction,
E="FLy,
and initial conditions
v(0) =0x+0y+02,
x(0) =0x+yy+0z.
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In terms of the definition

1qE
Wy = —q—, (19)
cm
show that the equations of motion are given by
dy
bl 20
dt wo - B (20)
and
4 (B7) = w (21)
Since the particle starts from rest show that we have
By = wot. (22)
For our configuration this implies
Bz =0, (23a)
Byy = wot, (23Db)
Bz = U. (23C)
Further, deduce
wot
By=——— (24)

V1+wit?

Integrate again and use the initial condition to show that the motion is described by

C _
y—yozw—o{\/1+w3t2—1}. (25)

Rewrite the solution in the form

2 2
— Yo+ — | —ctt=—. 26
(5-m+2) 5 (26)
This represents a hyperbola passing through y = yo at ¢ = 0. If we choose the initial
position yg = ¢/wy we have

y* — At =2 (27)

The (constant) proper acceleration associated with this motion is

C2

o =wyc = —. (28)
Yo

A Newtonian particle moving with constant acceleration « is described by equation
of a parabola

1
Y—yo = §ozt2. (29)
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Show that the hyperbolic curve

ct?
y=yor/l+— (30)
Yo
in regions that satisfy
wot < 1 (31)
is approximately the parabolic curve
L s
y=1yo+ -at"+.... (32)
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