Homework No. 11 (Fall 2024)

PHYS 500A: MATHEMATICAL METHODS

School of Physics and Applied Physics, Southern Illinois University—Carbondale
Due date: Friday, 2024 Dec 6, 4.30pm

1. (20 points.) Inversion is a transformation that maps a point r inside (outside) a sphere

of radius a to a point

0,2

Te = 5T (1)

outside (inside) the sphere. Given that the function ¢(r) satisfies the Laplacian,

Vi(r) =0, (2)

2o (%) )

also satisfies the Laplacian for r # 0. That is,

v? [g & (i—jr)} = 0. (4)

To this end, using Eq. (1) evaluate r, - r, and thus derive

show that

ror = a2, (5)
Then, show that
a [a* Ta
- ¢ (r_2r> T P(ra). (6)

To express the gradient in terms of the inverted variable r, write

g or, 0
V‘&‘&r'ara_(vr“)'va’ "
Show that 1
(Vry) = (1712 = 2r,1,). (8)
a
Thus, show that
1
V:E(lrz—Qrara)'Va (9)
and 1
V2:_4 [(17’2_2rara>'va] ' [(1T2_2rara)'va:| ’ (10)

a
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Expand the operations and simplify to derive
a'V? =riv? — 2%, - V,. (11)
To prove the statement in Eq. (4) show that

r r2

v [2 s (“2 r)] _ 2—§v3¢(ra) 0. (12)

. (20 points.) The fundamental solution to Laplace’s equation is the electric potential
due to a point charge,

qg 1
- 13
dmegr (13)
Dropping q/(4meo) we have
1
Vi =0, r#0. (14)
r

In terms of this solution, we can generate a large number of others. For example, for
constant vectors sy,

V3(s; - V)% =0. (15)

Solid harmonics of degree —(I + 1) are defined as

Vi(r) = %(—s1 V) (=% V). (= V)% (16)
forl=1,2, ..., with .
Vo(r) = - (17)

for [ = 0. Solid harmonics satisfy the Laplace equation. It is of interest to see the form
of the solid harmonics after the gradient operations have been evaluated.

(a) Define
pi = (s; - 1), fli = (si- 1), (18a)
)\ij = (Si . Sj), S\ij = (Si . Sj)’f’2. (18b)
Show that
N S\ij
1 m o
(—si- V)r_m = mﬂi, (19b)
- /i i
(=si- V)hy = =0, (19¢)



(b)

Show that

117,

Vi= 13 _Ml}a (20a)
| O <

Vo = 375 3pi1fiz — )\12]> (20b)
Irdl
117, . . . % OIS ~ 3

Vs = 37 15/ fiofiz — 3fi1 A9z — 3fiaAz1 — 3,u3>\12], (20¢)
110 . TR R RO Y .

Vi = 4179 105711 frafizfia — 1511 fizA3a — 15[ fizA2g — 15[ flaAoz — 1D fiafizA1s

—15/i0fiuhs — 15fsfiari2 + 3X2Ass + 3Ai3Aos + 3Aga 12| (20d)

For bringing compactness we introduce the notation

I = g L —am AL . . . + combinations (21)
in terms of which we find
-1
1 (2[1 —m])! -2
V= —1)mplImAm, 22
SR Zzo2l—ml!(l—m)!( S (22)

Surface (or spherical) harmonics Y] of degree [ are defined using the relation

Y,
Show that
m, l—2mym
Y, = Zzlmm_ (1) A (24)
Solid harmonics H; of degree [ are defined using the relation
H
Show that
m~l—2mym
H, = Zzl ml‘ !( DTN (26)

Zonal harmonics P, of order [ are defined to be surface harmonics of degree [ with
the special choice
S| =8y =---=8 =S. (27)

Then, \;; = 1 and all p;’s are identical, say p. Show that

- 2[1 — m])! o
b= mZ::O le!(l(—[ m)!(l])— TR (28)

Recognize the zonal harmonics as the Legendre polynomials.
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3. (20 points.) Using the definition of spherical harmonics

_me J2 1 [(Im)! ] < d )l_m (cos? 6 — 1)
Yim(0,0) = € 4T (I —m)! (sin@)™ \ dcosf 2! ’ (29)

evaluate the explicit expressions for Yyo, Y11, Yio, Yi,—1, Yoo, Yo1, Yoo, Yo 1, and Y5 _5.

4. (40 points.) Generate 3D plots of surface spherical harmonics Y}, (0, ¢) as a function of
f and ¢. In particular,
a) Plot Re[Y73(6, ¢)].
b) Plot Im[Y3(6, 6)].
c) Plot Abs[Y73(6, ¢)].
)

—~ o~

~—~

d) Plot your favourite spherical harmonic, that is, choose a [ and m, and Re or Im or

Abs.

—~

Hint: In Mathematica these plots are generated using the following commands:
SphericalPlot3D[Re[SphericalHarmonicY[1l,m,0,¢$1],{0,0,Pi},{ ¢,0,2 Pi}]
SphericalPlot3D[Im[SphericalHarmonicY[1l,m,0,¢$]],{#,0,Pi},{ ¢,0,2 Pi}]
SphericalPlot3D[Abs [SphericalHarmonicY[1l,m,#,¢]1],{0,0,Pi},{ ¢,0,2 Pi}]
Refer diagrams in Wikipedia article on ‘spherical harmonics’ to see some visual represen-
tations of these functions.



