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1. (20 points.) Let the rectangular components of position vector r be represented by ri and
the rectangular components of momentum vector p be represented by pi. In Newtonian
mechanics these components satisfy the commutation relations

[

ri, pj
]

= 0. (1)

Then, show that
(r× p) · r = 0. (2)

In quantum mechanics governed by Heisenberg equations of motion the components of
position and momentum vectors satisfy the commutation relations

[

ri, pj
]

= ih̄ δij , (3)

h̄ = h/(2π), where h is the Planck constant. Will the vector identity in Eq. (2) be satisfied
in quantum mechanics? If not, determine the modified relation.

2. (20 points.) Evaluate

∇2

(

1

a · r

)

, (4)

where a is a constant vector.

3. (20 points.) The eigenbasis for rectangular coordinates on a two-dimensional plane
satisfy the completeness relation

1 = î î + ĵ ĵ (5)

and the eigenbasis for polar coordinates on a plane satisfy the completeness relation

1 = r̂ r̂+ φ̂ φ̂, (6)

where r̂ and φ̂ are radial and tangential unit vectors, respectively. A transformation
operator that connects the above two eigenbases has the dyadic construction

T = r̂ î+ φ̂ ĵ. (7)

Evaluate the following:

T · î = (8a)

T · ĵ = (8b)
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4. (20 points. Take home.) Let

f(z) =
(z − 2)(z + 2)

z(z − 2i)(z + 2i)
. (9)

(a) Find the zeros of f(z).

(b) Find the poles of f(z).

Remember to include ‘the point at infinity’ in your analysis.

5. (20 points.) Evaluate the contour integral

I(a) =
1

2πi

∮

c

dz
aeaz

az − 1
, (10)

where the contour c is a unit circle going counterclockwise with center at the origin.
Presume a is complex number outside the contour, that is, |a| > 1.
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