
Homework No. 05 (Spring 2026)

PHYS 520B: ELECTROMAGNETIC THEORY

Department of Physics, Southern Illinois University–Carbondale

Due date: Thursday, 2026 Feb 19, 4.30pm

0. Problems 3, 5, 6, and 7, are for submission.

1. (20 points.) Lorentz transformation describing a boost in the x-direction, y-direction,
and z-direction, are

L1 =









γ1 −β1γ1 0 0
−β1γ1 γ1 0 0

0 0 1 0
0 0 0 1









, L2 =









γ2 0 −β2γ2 0
0 1 0 0

−β2γ2 0 γ2 0
0 0 0 1









, L3 =









γ3 0 0 −β3γ3
0 1 0 0
0 0 1 0

−β3γ3 0 0 γ3









,

(1)
respectively. Transformation describing a rotation about the x-axis, y-axis, and z-axis,
are

R1 =









1 0 0 0
0 1 0 0
0 0 cosω1 sinω1

0 0 − sinω1 cosω1









, R2 =









1 0 0 0
0 cosω2 0 − sinω2

0 0 1 0
0 sinω2 0 cosω2









, R3 =









1 0 0 0
0 cosω3 sinω3 0
0 − sinω3 cosω3 0
0 0 0 1









,

(2)
respectively. For infinitesimal transformations, βi = δβi and ωi = δωi use the approxima-
tions

γi ∼ 1, cosωi ∼ 1, sinωi ∼ δωi, (3)

to identify the generator for boosts N, and the generator for rotations the angular mo-
mentum J,

L = 1+ δβ ·N and R = 1+ δω · J, (4)

respectively. Then derive

[

N1, N2

]

= N1N2 −N2N1 = J3. (5)

This states that boosts in perpendicular direction leads to rotation. (To gain insight of
the statement, calculate [J1, J2] and interpret the result.)

(a) Is velocity addition commutative?

(b) Is velocity addition associative?

(c) Read a resource article (Wikipedia) on Wigner rotation.
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2. (20 points.) The following are identities:

TrA = Ai
i. (6a)

detA = εi1i2...inA
i1
1A

i2
2 . . . A

in
n (6b)

=
1

n!
εi1i2...inε

i
′

1
i
′

2
...i

′

nAi1
i′
1
Ai2

i′
2
. . . Ain

i′
n

, (6c)

where n is the dimension of the matrix A. Verify them for n = 3.

3. (20 points.) The Poincaré formula for the addition of (parallel) velocities is, c = 1,

v =
va + vb
1 + vavb

, (7)

where va and vb are velocities and c is speed of light in vacuum. Assuming that the
Poincaré formula holds for all speeds, subluminal (−1 < vi < 1), superluminal (|vi| > 1),
and speed of light, analyse what is obtained if you add a speed to an infinitely large
superluminal speed, that is, vb → ∞. Hint: Inversion. Verify this using the interactive
applet for exploring velocity addition at Kocik’s web page [1]. Jerzy Kocik, from the
department of Mathematics in SIUC, invented this geometric diagram that allows us to
visualize the Poincaré formula. (Refer [2].)

4. (30 points.) Let
tanh θ = β, (8)

where β = v/c. Addition of (parallel) velocities in terms of the parameter θ obeys the
arithmatic addition

θ = θa + θb. (9)

(a) Invert the expression in Eq. (8) to find the explicit form of θ in terms of β as a
logarithm.

(b) Show that Eq. (9) leads to the relation
(

1 + β

1− β

)

=

(

1 + βa

1− βa

)(

1 + βb

1− βb

)

. (10)

(c) Using Eq. (10) derive the Poincaré formula for the addition of (parallel) velocities.

5. (20 points.) Lorentz transformation relates the energy E and momentum p of a particle
when measured in different frames. For example, for the special case when the relative
velocity and the velocity of the particle are parallel we have

(

E ′/c
p′

)

=

(

γ βγ
βγ γ

)(

E/c
p

)

. (11)

Photons are massless spin 1 particles whose energy and momentum are E = h̄ω and
p = h̄k, such that ω = kc. Thus, derive the relativistic Doppler effect formula

ω′ = ω

√

1 + β

1− β
. (12)

Contrast the above formula with the Doppler effect formula for sound.
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6. (20 points.) Neutral π meson decays into two photons. That is,

π0 → γ1 + γ2. (13)

Energy-momentum conservation for the decay in the laboratory frame, in which the meson
is not necessarily at rest, is given by

pα
π
= pα

1
+ pα

2
. (14)

Or, more specifically,
(

Eπ

c
,p

)

=

(

E1

c
,p1

)

+

(

E2

c
,p2

)

, (15)

where Eπ and p are the energy and momentum of neutral π meson, and Ei’s and pi’s are
the energies and momentums of the photons. Thus, derive the relation

m2

π
c4 = 2E1E2(1− cos θ), (16)

where mπ is the mass of neutral π meson, and θ is the angle between the directions of p1

and p2.

7. (20 points.) Length contracts and time dilates. That is,

L =
L0

γ
, T = T0γ, (17)

where L0 and T0 are proper length and proper time. Similarly, show that (for v || a)

|a| =
|a0|

γ3
, (18)

where |a0| is the proper acceleration measured in the instantaneaous rest frame of the
particle. Further, for v ⊥ a show that

|a| =
|a0|

γ2
. (19)
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